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Abstract

This paper examines the role of monetary policy in an environment with aggregate risk
and incomplete markets. In a two-period overlapping-generations model with aggregate un-
certainty and nominal bonds, optimal monetary policy attains the ex-ante Pareto optimal
allocation. This policy aims to stabilize the savings rate in the economy via the effect of
expected inflation on real returns of nominal bonds. In the first-best monetary equilibrium
with uncertainty, expected inflation is procylical and, on average, higher than without uncer-
tainty. Optimal monetary policy is close to inflation targeting if the persistence of income is
high, and close to price-level targeting if the persistence of income is low. The results extend
to more general environments with multiple assets and infinitely-lived agents.

JEL classification: E5

Keywords: Optimal monetary policy; Inflation targeting; Price-level targeting

*Contact address: Malik Shukayev, 234 Wellington St. 5-West, Ottawa, ON K1A 0G9, Canada. Phone
613-782-8164. Fax: 613-782-7163. E-mail: mshukayev@bankofcanada.ca

"We thank Robert Amano, Steve Ambler, Pierre Duguay, Mario Crucini, John Murray, Peter Ireland,
Larry Jones, Sharon Kozicki, seminar participants at the Bank of Canada, Higher School of Economics
(Moscow), National Bank of Kazakhstan, Queen’s University, and Université de Montréal for their comments
and suggestions.






1. Introduction

What is the role of monetary policy in an environment with aggregate risk and incomplete
asset markets? We study a standard two-period overlapping-generations model (OLG) with
aggregate-endowment uncertainty and find that monetary policy can achieve the ex-ante
Pareto optimal allocation. The optimal monetary policy that implements the first-best al-
location stabilizes savings rates by affecting the expected real return on nominal bonds. It
is characterized by expected inflation that on average is higher than without uncertainty, a
positive correlation between expected inflation and income, an inverse relationship between

the volatility of expected inflation and income persistence, and a nonstationary price level.

The intuition for the properties of optimal monetary policy is based on the link between
individual savings decisions and the optimal allocation of consumption across generations.
Thus, to understand the role of these properties of the optimal policy, it helps to first restate
the main findings of the literature on individual savings behavior under uncertainty.! When
faced with uninsurable endowment risk and a constant rate of return on savings, risk averse
individuals smooth their consumption by varying their savings rates with income. When
current income is higher than expected future income, individuals save a larger fraction
of income to move part of the current “windfall” to the future. When current income is
lower than expected future income individuals save less, taking advantage of the anticipated
increase in future income. Furthermore, for precautionary reasons, on average, they save more
than optimal without uncertainty, or under complete asset markets. The responsiveness of
the savings rate to income fluctuations depends on the persistence of income disturbances.
When income fluctuations are long-lived, incentives to vary savings are weak, whereas when

income movements are transitory, incentives to vary savings are strong.

In our model, the young individuals face uncertainty regarding the rate of return on
their savings in nominal assets. The return depends on the realization of the endowment
of the young next period, and on monetary policy. The individual savings behavior of the
young maps directly into the allocation of goods between the young and the old because it
determines the price of nominal assets sold by the old to the young. With nominal bonds,
monetary policy affects savings via its effect on expected inflation. Without higher average
inflation, risk averse individuals tend to save more than optimal for precautionary reasons.
Higher average inflation serves as an optimal tax on savings, which discourages oversaving.

Turning to the second property of optimal policy, the first-best consumption allocation calls

IThe papers on this topic are too numerous to be mentioned and fall into “income fluctuations problem”
and “permanent income hypothesis” research agendas.



for a constant savings rate. Positive correlation between expected inflation and income
implies that when income is high (low) the expected tax on savings is higher (lower) too.
This discourages individuals from varying savings rates to smooth consumption over time and
thereby stabilizes the savings rate. The third property is a consequence of the fact that with
higher income persistence individuals have less expected variation in income, and therefore
less incentive to vary their savings rates. As a result, optimal expected inflation has to vary
less to discourage consumption smoothing. In the limit, when the income process is random
walk, optimal expected inflation is constant. This implies the inverse relationship between
volatility of expected inflation and persistence of income. Finally, a nonstationary price level
is a result of optimal monetary policy being completely forward looking and optimal expected
inflation being independent of the current or past price levels. It is important to stress that all
of these four properties are optimal responses to aggregate uncertainty. Without uncertainty,

the optimal expected inflation is always zero, and the optimal price level is constant.

We apply our analysis of the unconstrained optimal monetary policy to policies that are
constrained by publicly observable variables, or “targets.” Such constrained policies are often
preferred to the unconstrained ones due to the uncertainty about economic mechanisms in
the real economy, or uncertainty associated with data revisions. Another potential advan-
tage of using constrained policies is alleviation of the “inflation bias” that stems from the
time-inconsistency problem faced by the monetary authority.? We will focus on two particu-
lar targeting policies: inflation targeting (IT) and price-level targeting (PT). Starting in the
1990s, several central banks announced inflation targeting as their monetary policy frame-
work.? More recently, price-level targeting has been proposed as an alternative to inflation
targeting.? The debate focuses on whether a policy that stabilizes the price-level (possibly
around a deterministic trend) is preferable to policies that stabilize the inflation rate. Under
inflation targeting, the monetary authority announces a desired level of annual inflation and

5

conducts monetary policy in a way consistent with that objective.” Due to shocks and an

imperfect degree of control over prices, the actual inflation rate may deviate from the desired

2See Walsh (1998) and Woodford (2003) for reviews of constrained monetary policy problems.

3Ball and Sheridan (2003) provide a list of central banks that adopted inflation targeting, as well as timing
details and performance evaluations for this policy change.

4There has been a series of policy oriented papers that discuss price-level targeting as an alternative
to inflation targeting. To name a few, Carlstrom and Fuerst (2002), Dittmar, Gavin and Kydland (1999),
Dittmar and Gavin (2005), Vestin (2000), Gavin and Stockman (1991), Duguay (1994), Ortega and Rebei
(2006), Svensson (1999), Smets (2003), Yetman (2005).

5As the Bank of Canada states: ”monetary policy needs to aim at the 2 per cent target midpoint over the
six to eight quarters that are required for monetary policy to have most of its effect. By consistently aiming
at 2 per cent for the 12-month rate of inflation, monetary policy can enhance the predictability of average
inflation over longer time horizons.”



level. For this reason, policies aiming at stabilizing the wnflation level do not necessarily
imply a stationary price level. Specifically, to stabilize the level of inflation, the monetary
authority does not have to react to past deviations from a predetermined price level. The
price level may drift arbitrarily far away from any predetermined path, as the deviations ac-
cumulate over time. Conversely, to keep the price level close to the predetermined trend, the
central bank must reverse deviations from the desired inflation level. Hence, under inflation
targeting, transient deviations of the price level are not offset by the monetary authority and
so the price level is nonstationary. It is (trend-)stationary under price-level targeting, when

the price level, as opposed to the inflation level, is controlled.

We analyze the welfare implications of IT and PT in our framework and find that the
welfare rankings of inflation targeting and price level targeting depend crucially on the per-
sistence of income. If income is close to a random walk, inflation targeting is close to the
optimal monetary policy, as I'T implies stable expected inflation. Conversely, if income fluc-
tuations are transitory, price-level targeting is close to the optimal monetary policy since
PT implies a positive correlation between expected inflation and income. Specifically, when
income is high, a low realized price level calls for higher expected inflation in order to return

the price level back to the trend.

We summarize that the optimal monetary policy combines features inherent to infla-
tion targeting (nonstationary price level) and price-level targeting (reversion of price-level
deviations). The balance of these features in the optimal monetary policy depends on the

persistence of aggregate income.

These results can be generalized to more complicated settings. In a natural extension of
the benchmark model, we add a productive real asset, land, to the economy. Land is combined
with the labor endowment of young individuals to produce consumption goods. The young
are required to buy land for money before they can produce. They borrow money from the
old individuals via noncontingent nominal bonds. These nominal bonds dominate money
in terms of the rate of return and can be interpreted as mortgage contracts. In this richer
model money is held not because of its store-of-value properties, but because it facilitates
land purchases. As a result, monetary policy affects allocations primarily via its effect on
the bond prices. Despite this richer structure, the same qualitative results are obtained for
optimal and simple targeting regimes of monetary policy. Thus, our results are robust to the

introduction of extra assets.

We also demonstrate that our results do not depend on the assumption of a two period life



span or an OLG structure. To do this we consider a simple infinite-horizon environment, in
which there is aggregate income risk, ex-post income heterogeneity across agents, and market
incompleteness due to uncontingent nominal asset being the only means of savings. We show
that the monetary equilibrium in the infinite-horizon model is equivalent to that in the OLG
economy. A necessary assumption for this result is ex-post income heterogeneity across agents
and time. It creates demand for trade that facilitates risk sharing. We conclude from our
two extensions that the main properties of the optimal monetary policy under aggregate
uncertainty and incomplete markets are robust and extend beyond the limits of the OLG

structure.®

The paper contributes to several areas of research in monetary economics. To our knowl-
edge, this is the first paper to analyze monetary policy in a stochastic OLG environment.
Perhaps surprisingly, previous research on monetary policy in OLG models focused exclu-
sively on deterministic models. Suboptimality of positive inflation was one of the main find-
ings of that literature.” In a recent paper, Akyol (2004) also finds positive optimal inflation
in an environment with infinitely lived agents, who are subject to uninsurable idiosyncratic
endowment risk and borrowing constraints. With no aggregate uncertainty, the price level
in Akyol’s model increases over time in a deterministic fashion. In our model, we provide
a full characterization of optimal monetary policy under aggregate uncertainty. Finally, our
paper contributes to the debate on the merits of price level stabilization. It shows that it is
optimal to only partially offset transient shocks to the price level. Hence, the optimal policy
combines some features of both inflation targeting (implying nonstationary price level) and

price-level targeting (reverting price-level deviations from the trend).

The paper proceeds as follows. Section 2 introduces and analyzes the model with fiat
money as the only asset. In Section 3, the model is extended to include productive land as
well as an additional interest bearing asset. Section 4 analyzes an infinite-horizon model and
shows result-equivalence with the OLG model of Section 2. Section 5 contains concluding

remarks. Proofs and derivations are collected in the appendices.

6Fiscal policy is also capable of implementing redistributions akin to monetary transfers in our model. The
design of fiscal policy in economies with valued money has to take into account distributional consequences
of monetary policy emphasized in this paper.

"See, for example, Wallace (1992) or Champ and Freeman (2001).
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2. An OLG Model With Fiat Money

In this section, we focus on a two-period overlapping-generations endowment economy in
which fiat money is the only asset. The young individuals in this economy use money to save
for the time when they are old. Monetary policy affects real returns on savings via its effect
on expected inflation. Given asset market incompleteness, monetary policy has the potential

to improve the average welfare in the economy.®

2.1 The Environment

There is a unit measure of identical individuals born in every period. Each generation lives
for two periods. The young person born in period ¢ is endowed with w, units of a perishable
consumption good in period ¢ and zero units in period ¢ + 1. The endowment w; is random
and represents the only source of uncertainty in the model. The log of the endowment follows

a first-order autoregressive process:
Inw, =phhw,_1 4+ ¢4,

where ¢; are independent and identically distributed (i.i.d.) draws from a zero-mean normal

distribution.

The single asset in the economy is fiat money supplied by the government. In period 1
there is an initial old generation that has no endowment and holds M; units of the money

stock.?

The timing of events is as follows. At the beginning of period ¢ the old generation holds
M;_1 units of fiat money which they acquired in the previous period. Before the current
endowment w; is realized, the government prints (or destroys) money in the amount of
M,; — M,_1, and distributes it evenly among the old individuals via lump-sum transfer (or
tax if negative) T; = M; — M;_,. The assumption that monetary transfers occur before the
realization of the current endowment, reflects the limited ability of the government policy to
react to current shocks in the economy, and implies an incomplete degree of control over the

price level. After the realization of the current endowment, w;, the young agents consume

8Markets are incomplete for two reasons. First, the overlapping-generations structure implies that newborn
individuals cannot insure against the endowment risk. Second, young individuals, who save in the form of a
noncontingent asset, cannot fully insure against rate-of-return risk.

9In this model M can be thought of as the sum of two equivalent assets: fiat money and discount bonds.
The fact that nominal interest rate on bonds is fixed at zero does not affect our results. We relax this
assumption in the model of section 3, where the nominal interest rate on bonds is endogeneous.



¢! units of their endowment. The remaining goods, (w; — ¢f), are exchanged for M units of

money at the price P,. Thus, a young person born in period ¢, solves the following problem:

maxu(ct) + AEu(cl,,) (1)

subject to
P} + Mtd < huw, (2)
Poacly, < M{+T,, (3)

where ¢f,; is the person’s consumption when old, T} is the monetary transfer from the
government in period ¢, and [ is the discount factor. The operator E; denotes the expected
value conditional on the history of endowment realizations through the end of period t.

Throughout the paper we use the following functional form for the period utility function:
u(e)=c"7/(L=7);7>0.

2.2 Monetary Equilibrium

Let p; denote the growth of money supply in the economy in period ¢, pu; = Mj\ﬁl’ where f;

is fixed at 1 without a loss of generality. Monetary policy is defined as an infinite sequence

of money growth rates, {j},;.

Definition 1 Given a monetary policy {pu},, . a monetary equilibrium for this economy is
a set of prices { P}, and allocations {cf, c7, Mtd} such that for allt =1,2,3,... 10

00
t=1"

e allocations ¢}, ¢}, and M solve the generation t’s problem (1)-(3), and

e the goods and money market clear:
ad+cd = w,

M? = M, .

In the next two subsections we first characterizes the optimal allocation and the opti-

mal monetary policy that implements it as a monetary equilibrium, and second, compare

10A1] of the variables in the definition are random variables conditional on histories of endowment realiza-
tions. We suppress the ”state” notation for simplicity.



social welfare in equilibria with price-level and inflation targeting to that under the optimal

monetary policy.

2.3 Optimal Monetary Policy

To find the optimal monetary policy, we start by defining the social welfare function and
solving the social planner’s problem for the optimal allocation. We then ask whether this

allocation can be implemented as a monetary equilibrium.
2.3.1 The Social Planner’s Problem

The social planner is assumed to treat all generations equally. Let the average (ex-post)

utility over T' periods be:

Vi = % Bu(cy) + _ [u(cztl)WLﬁu(CtH)] +U(C%>]
= 23 luled) + Bule)] ()

We define the social welfare function as

lim inf E [V . (5)

T—o0
This welfare criterion treats all generations equally by attaching the same welfare weight to
the expected utility of every generation.
The social planner maximizes (5) subject to the resource constraint for all periods:

cf + <wy, fort=1,2,....

We show in Appendix A that the solution to this problem is the sequence of consumptions
{c{, cf}thl such that in each period the marginal utilities of consumption of the young and of
the old are equal. This link between individual savings decisions and the optimal allocation

of consumption across generations is the determinant of the properties of optimal monetary



policy in our model.

u'(¢f) = pu(d),

a+cd = w.

For the case of a constant relative risk aversion (CRRA) period utility function, u(c) =

Cl—ﬂ, the first-best allocation is:

1=y
1
Cty = 1 Wy (6)
14+ 06~
1
0 B
Ct - 1 wy , (7)
1+ 3~
for all t =1,2,... . Note that the first-best allocation calls for a constant savings rate of the

1
we—c! B
young equal to =~ = T
1+87

There are two reasons for using the undiscounted welfare function (4) rather than the

discounted one,

Ve = () + ) 87 ule]) + Bulefy)] - (8)

The discounted social welfare function (8) implies that the optimal consumption is equally

1
2

does not maximize ex-ante utility of young individuals in an OLG economy, because they

divided between the young and the old: ¢} = ¢ = sw;. This pattern of lifetime consumption
discount old-age consumption and would prefer higher expected consumption in the young
age. On the contrary, the consumption allocation (6) and (7) implied by the undiscounted
welfare function maximizes the unconditional expected utility of any given generation (except

the initial old). Hence, it is the unique ex-ante optimal allocation.

Secondly, without endowment uncertainty, this allocation is implementable as a market
equilibrium with a constant money stock. This implies that the amount of redistribution
of endowment required to achieve the optimal allocation is minimal. In contrast, under the

discounted social welfare function redistribution is large, even in the absence of uncertainty.



2.3.2 Implementing the Optimal Allocation as a Monetary Equilibrium

Suppose the first-best allocation can be implemented in a monetary equilibrium. Any mone-
tary equilibrium must satisfy the following two necessary and sufficient (due to concavity of

the problem) first-order conditions:

M¢ M+ Ty, P
u(w — L) = BE, |u(— iax i 9
(we= ) = BB [/ (o )
Py M we — C% .

Equation (9) is a standard intertemporal Euler condition. Equation (10) is derived from the
budget constraint of the young (2) held with equality, and from the money market clearing
condition M¢ = M.

These conditions, with the first-best allocation (6) and (7), imply the expressions for
1—
W1
11
() ], (1)
1—
<wt+1) 7] Wt ) (12)
Wy Wt+1

Given the assumption of log normality of the endowment process, equations (11) and (12)

imply

money growth
My
M,

- F

and for prices
Piy o My wy

— — B
Py My wiq !

1 —~)202

me—mi = LT (1 )~ (13
1 —~)202

Pit1 — Pt ( ;) +9(1 = plwr — €141 (14)

where m; = In My, p; = In P, w; = Inw; and o is the standard deviation of innovations to

the endowment process.

Since we derived equations (13) and (14) by plugging optimal allocations into the nec-
essary and sufficient conditions (9), (10) for the economy’s monetary equilibrium, equations
(13) and (14) fully characterize the dynamics of the money stock and price level in the equi-
librium that implements the optimal consumption allocation. In particular, from equations
(13) and (14) it follows that the monetary equiblibrium and the optimal monetary policy are

unique (up to a scaling factor for the money stock) for any sequence of endowments {w;}. We



summarize four main properties of price level dynamics under the optimal monetary policy:

(1-v)%0?

5—, and increasing

(i) The average inflation under the optimal policy is positive, T =

with the size of uncertainty, as long as v # 1.1

(ii) Expected inflation is positively correlated with the current endowment:
Ei[pir1 —pe) =7+ (1 — p)w. (15)

iii e variance of expected inflation is decreasing in the persistence of the endowmen
iii) Th i f expected inflation is d ing in the persist f th d t
process, p. If the endowment follows a random walk, p = 1, then optimal expected

inflation is constant: Ej [p;1 — p] = 7.

(iv) The log price level under the optimal policy is nonstationary.'?

To understand these properties of the optimal policy, recall from equations (6) and (7)
1

that the first-best allocation corresponds to the constant savings rate, -2 il —. In a monetary
1+87
equilibrium, the savings rate depends on the expected return to money F; [p; — py11], which

is the negative of the expected inflation. The monetary authority sets expected inflation,
by appropriately choosing the rate of money growth, to stabilize the equilibrium savings
rate at the optimal level. The first three properties of the optimal monetary policy describe
how expected inflation must be set to achieve the first-best allocation. The last property, a

nonstationary price level, is an outcome of the optimal monetary policy.

Property 1 is due to asset market incompleteness, implying that individuals cannot per-
fectly insure themselves against endowment risk. In the face of uncertainty about future

income, risk-averse individuals have an incentive to self-insure by smoothing consumption

5
"' This result requires that E {(wggl) } > 1, and holds for any stationary distribution of endowment,

and also for the case of random walk (with no drift).
12To show this we have to consider two cases: p < 1 and p = 1. First, assume p < 1. Suppose the money

stock my is a stationary time series. Then it must be that var(m;y1) = var(m;). Equation (13) then implies:
0= (1-p)?(y—1)2 1322 + 2cov(my, (1 — p)(v — Dw;). Expanding m; and wy, it is easy to see that the
covariance term on the right-hand side is non-negative, leading to a contradiction. Thus, the money stock
m; cannot be stationary. Further, since p; = m; — logz, and since z; € [0,w;] is stationary, the log of the
price level must also be nonstationary.

If p =1, then optimal x; is nonstationary, while optimal m;, is stationary. This implies again that the log

of the price level must be nonstationary.

10



across time. Without positive trend inflation, they tend to save more than optimal for pre-
cautionary reasons, as in Aiyagari (1994).!3 The positive average inflation serves as a tax on

savings, which discourages oversaving.'4

According to Property 2, a positive correlation between the expected inflation and income
implies a high (low) expected tax on savings when income is high (low). This discourages
individuals from varying savings rates to smooth consumption over time and thereby stabilizes

the savings rate.

Property 3 implies that with higher endowment persistence individuals expect less vari-
ation in their marginal utility of consumption between their young and old ages. Therefore,
they have less incentive to vary their savings rate. As a result, the optimal expected inflation
has to vary less to discourage consumption smoothing. In the limit, when income follows a

random walk, the optimal expected inflation is constant.

Finally, Property 4, a nonstationary price level, is the result of optimal expected inflation
being independent of current and past price levels, i.e., optimal monetary policy being com-
pletely forward-looking. Under the optimal policy, it is expected inflation that matters for
savings rates, and not the price level. Also note that without uncertainty, optimal expected
inflation is always zero, and the optimal price level is constant. Hence, this paper emphasizes
the role of monetary policy in affecting the savings behavior of risk-averse individuals under

uncertainty and market incompleteness.

In Section 2.4, we demonstrate that the welfare ranking of other monetary policy regimes
depends on how well they can approximate the four properties of optimal monetary policy.

The persistence of the income shock is crucial in determining which properties are important.

2.4 Evaluating Targeting Regimes

In the previous section, we derived the unrestricted optimal monetary policy. In this section

we shift attention from unrestricted optimal policies to the constrained monetary policy

BMore precisely, Property 1 says that inflation under optimal policy under uncertainty is higher than
without uncertainty (zero in this case). For example, for discounted social welfare function or in the infinite-
horizon economy, optimal inflation without uncertainty is negative, so that with uncertainty, although higher,
it can still be negative.

4This argument for positive inflation is different from the well known “dynamic inefficiency” result of
OLG models. In our model, in the absence of shocks, the first-best allocation is attained with a constant
money stock. Thus, our conclusions regarding the optimal monetary policy stem from the dynamic effect of
incomplete markets in the presence of aggregate income uncertainty.

11



regimes.

Recently, both monetary policy theorists and practitioners have bcome interested in mone-
tary policy regimes that constrain monetary policy to target a specific time path for a widely
observable nominal variable (e.g., money growth rate, the exchange rate, or the inflation
rate). In particular, central banks in a number of countries, such as Canada, Sweden, New
Zealand, and the United Kingdom, adopted inflation targeting as their stated monetary pol-
icy regime. The focus of monetary-policy research has been to find the optimal targeting rule
that the monetary authority should follow, or alternatively, to find the objective that should
be “delegated” to the monetary authority.

In this section, we analyze a class of targeting rules that define monetary policy via its
effect on the expected path of the price level: inflation targeting and price-level targeting.
As equations (13) and (14) show, due to the timing restriction, monetary policy cannot fully
control the price level, and so innovations to endowments act as shocks to the price level.
Hence, both policy regimes target only the expected level of inflation or the price level,
and allow deviations from the respective targets due to unexpected price shocks. In this
subsection, we first introduce a parametrized class of constrained monetary policies that nest
IT and PT. Next, we characterize the equilibrium in the overlapping-generations economy
under the imposed constraint on monetary policy. Finally, we compare dynamics and welfare

under IT and PT to those under the unrestricted optimal policy.

Suppose that the government sets the money growth rate so that in equilibrium the

expected price level evolves according to the following dynamic equation

By [pry1 — ze01] = AMpe — 2) (16)

where, z; = p; +7t, is a deterministic trend of the log price level and 7 is the average inflation
rate. Since we focus on the dynamic properties of equilibria under policy rule (16), we assume

(1—)?%0?

that the average inflation rate is at its optimal level, 7 = 5

The adjustment coefficient, A € [0, 1], determines how fast the price level is expected to
return to the trend under targeting rule (16). In particular, A = 0 corresponds to strict
price level targeting, A\ = 1 corresponds to strict inflation targeting, while any A € (0,1)
correspond to gradual price level targeting where deviations from the trend are reversed

more slowly than under strict price level targeting.!> In general, the restricted set of simple

15We also consider an alternative class of monetary policy regimes: Ey [pi11 — pi] = (1—¢)T+¢ (pr — pe—1) ,

12



targeting rules (16) does not nest the (unrestricted) optimal monetary policy. Thus, the
welfare attained under any monetary policy in the restricted class (16) will be less than that
under the optimal monetary policy. We do not have a proof of the uniqueness of constrained
policy rules. However, in computational experiments with different initial values, it appears

that for each value of A there is a unique monetary policy that satisfies (16).

Appendix C shows that targeting policy rules (16) are equivalent to a monetary author-
ity choosing the price level path that minimizes the “loss function” delegated to it by the

government. For example, a monetary authority that minimizes the loss function

o

L= EZ/@ 7rt—7r ,

where 0 < k < 1, pursues the strict inflation targeting described by (16) with A = 1. If the

loss function is -
L=E) r'(p—=)7,
=1

then the monetary authority follows the strict price-level targeting given by (16) with A = 0.

In our model, we focus entirely on the saving decision and do not explicitly model labor-
leisure or capital investment decisions. As a result, there is no inflation-output tradeoff, and
thus no output gap term in any of the loss functions. Incorporating the labor-leisure and

capital investment decisions in our framework is an interesting extension.

2.4.1 Characterizing Equilibria Under Targeting Policy Regimes

Define z; = =+, and hy = M, exp(—=z;). We can rewrite the first-order conditions (9) and (10)
as "
exp(T)ze(wy — )" = ﬁh ~E, [1’;17} ;
t+1
P, h
b T (7). (17)

Py B hiy1 @y
Appendix B shows that equation (17) together with policy rule (16) imply another dynamic

equation

hept = (%)Aexpu;t naei]). (18)

t

where ¢ € [0,1]. For ¢ > 0, this regime corresponds to gradual inflation targeting, whereby deviations of
inflation from 7 are gradually eliminated. It turns out that strict inflation targeting (¢ = 0) welfare dominates
gradual inflation targeting (¢ > 0). Hence, we can focus our analysis on strict inflation targeting rules only.

13



Thus, to solve for a monetary equilibrium, we need to find sequences {x;, h;} that satisfy the

following two dynamic equations:

exp(7) {z—j - (w—x)" = Bexp(—E; naq])Er [2,]] (19)
- (Z—Z)Aexp(Et (10 2001]). (20)

The state of the economy in period ¢ can be fully summarized by s; = (wy, ht). To solve
the system (19) and (20), we find functions z; = z(wy, hy) and hypy = h(wy, hy) that satisfy

the two dynamic equations.
2.4.2 Welfare Comparisons of Targeting Regimes

What constrained policy (parametrized by \) in the class of targeting regimes (16) maximizes
the unconditional expected utility attained in a stationary equilibrium? It is instructive to
first consider the log utility case (v = 1). For this special case it is easy to verify from equa-
tions (19) and (20) that the policy (16) that implements the first-best allocation corresponds
to A = p. Indeed, expected inflation under the optimal policy satisfies (15), which for this

special case can be written as

E, [ptﬂ - pt] = 7(1 - )‘*)Wt .

Hence, in the log utility case the targeting regime (16) with \* = p attains the first-best
allocation. It implies a constant money stock (see equation (13)), zero average inflation, and

a stationary price level.

For v # 1, there is also a special case for which an analytical solution exists. If the
endowment process follows a random walk, p = 1, then the unrestricted optimal monetary
policy is consistent with the restricted policy rule (16) at A* = p = 1. In this case, the
expected inflation is constant

(1—7)%?

Et[pt-i-l_pt] :T:7>

and so inflation targeting attains the first-best allocation.

For other values of risk-aversion, 7, and income persistence, p, the welfare comparisons

have to be done numerically. Welfare across equilibria are compared to the welfare in equi-
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librium under the optimal policy:

* 1 1 B (1_7)202>
EV_l—v(uﬁi) exp(Q(l—p2) ‘

To calculate welfare under targeting rule (16), we simulate the economy over 10,000 pe-

riods, and calculate the average utility of all generations in the simulated sample, Vy =
%Z;‘le [u(c]) + Bu(cf)]. We compare the value of the average utility, Vr, with EV* by cal-
culating the percentage by which consumption of every individual in every period has to be
raised to reach the same level of welfare as under the optimal allocation. Specifically, let ¢

be a real number such that

T

- 1 (6cH'™  (6e0)
1 v = — ¢ t = *
SV T;:l: T + 8 T EV*.

We report welfare loss as the net lifetime-consumption-equivalent compensation, Comp.% =
(0 —1) x 100%.

Experimenting with various sets of parameters, we find that the discount rate, 3, and
the coefficient of relative risk aversion, «y, have little effect on the magnitude of welfare losses
and on the relative welfare rankings. We pick standard values of these two parameters,
B =0.96% and v = 1.5 (see Table 1). The value of the discount factor 3 ceteris paribus does
not affect our results. In this sense the length of a period per ce does not affect our main
conclusions. The standard deviation of innovations to the endowment, o, affects the level,
but not the order, of welfare losses under alternative targeting rules (16). Smaller values of &
imply smaller welfare differences between various policies. In particular, with no uncertainty,
o = 0, all policies (16) imply the same welfare loss. We set 0 = 0.08.1 As we noted earlier,
income persistence, p, is crucial for welfare rankings of the alternative policy regimes, as well
as for the magnitude of the welfare loss. For that reason, we report welfare losses for a range

of values of income persistence.

Figure 1 presents the welfare losses across equilibria with various values of A. We repeat
the experiment for three different values of the serial correlation of the endowment process:
p=0.1, 0.5 and 0.9, keeping other parameters fixed. The welfare loss is U-shaped, with the

minimum located close, but to the left of A = p. At the minimum, the welfare loss is very

160ur estimates of o from GDP data for U.S. and U.K. range from 0.02 to 0.16 depending on how we
detrend the data, and what we assume about the stationarity of the income process. We choose a value in
the middle of this range.
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Table 1: Parameter values for model simulations

Parameter Values
Discount factor, 3 0.96%"
Relative risk aversion, vy 1.5
Standard deviation of innovations to endowment, o 0.08
Persistence of the endowment process, p 0.1, 0.5, 0.9

small, less than 0.02% of consumption, so the best policy in the class of targeting regimes
(16) is nearly optimal. For other policy rules in the restricted class, welfare losses grow faster
as persistence of income decreases. In particular, this implies that under strict inflation
targeting, welfare losses are disproportionately higher than under strict price-level targeting.
For example, if p = 0.1, the welfare loss under the strict IT is 0.62%, whereas if p = 0.9, the

welfare loss due to following the strict PT is much smaller, 0.08%.

We conclude that strict IT is closer to the (unrestricted) optimum if income fluctuations
are highly persistent; and strict PT is closer to the optimum if income fluctuations are
transitory. To understand the intuition behind this result, we examine how well each of the
policy regimes replicates the four properties of the optimal monetary policy, discussed in
Section 2.3.2.

First, we assume that I'T and PT have the same trend inflation, 7, as the optimal policy,
which allows us to focus on welfare differences due to the dynamic effects of monetary policy
on savings under uncertainty. This assumption implies that without uncertainty, IT and PT

would be equivalent not only to each other, but also to the optimal policy.

When aggregate uncertainty is present, income persistence is crucial for shaping the dy-
namic properties of monetary policy (Properties 2 and 3 in Section 2.3.2). If income follows
a random walk, p = 1, optimal monetary policy requires constant expected inflation, which
corresponds to inflation targeting. Thus, when the income process is highly persistent, strict
IT is close to the optimum in terms of expected inflation dynamics, while strict PT im-
plies too much variation in expected inflation. On the other hand, if income fluctuations
are transitory, the optimal monetary policy requires a positive correlation between expected
inflation and income, which is consistent with price-level targeting. Indeed, when income is
high, a low realized price level calls for higher expected inflation to return the price level
back to trend. Conversely, under inflation targeting, expected inflation is constant, hence its

correlation with income is zero. Thus, when income persistence is low, strict PT is nearly
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optimal in terms of inflation dynamics, while strict I'T implies too little variation in expected

inflation.

The last property of the optimal policy is a nonstationary price level. Inflation targeting
satisfies that property, while price-level targeting does not. Hence, optimal monetary policy
combines elements of both price-level and inflation targeting: it reverts temporary deviations
of the price level from the trend, but does not return the price level all the way back to the
trend, as price-level targeting would prescribe. As we learned from model simulations, income
persistence is key for the balance between these two features of the optimal policy. Depending
on the persistence of income, the implied price level dynamics are mimicked better by either

a strict price-level targeting or strict inflation targeting policy regime.
2.4.3 Optimal Horizon for Price-level Targeting

The model has simple policy implications for the targeting horizon: deviations of the price
level from its target trend should be as persistent as income fluctuations. In other words, the
best restricted policy regime corresponds to the transition coefficient, A, being close to the
persistence of endowment, p. Why is that so? As was demonstrated before, monetary policy
provides high average welfare if it is able to stabilize the savings rate at the optimal level. In
the model, the monetary authority controls the expected return on fiat money, E; [p; — pi11] ,
or equivalently, the expected inflation rate, Fym1 = Ey [pr1 — p]. So monetary policy yields
high welfare if it is successful in replicating the path of expected inflation under the optimal
policy :

Ei[rin] =7 +7(1 = pws . (21)

In the special case of log utility, v = 1, and A\ = p, the equilibrium expected inflation is given
by
Et [7Tt+1] =7+ ’y(l — )\)u}t . (22)

For risk aversion other than 1, if A = p, the equilibrium expected inflation is approximately
Ei[mea] =T +9(1 = Mwy. (23)

From (21) and (23) it follows that for A close to p, the path of expected inflation under

targeting rule (16) is going to be close to the optimal expected inflation.
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2.4.4 What is Income Persistence?

Regrettably, there is no conclusive empirical evidence on the persistence of aggregate income.
The empirical literature is mostly debating whether income is a trend-stationary variable or
a nonstationary variable with drift. Campbell and Mankiw (1987) examine the persistence
of U.S. real GNP by looking at the long-run impulse response in an estimated ARIMA model
and conclude that shocks to GNP are largely permanent. However, they caution that it

appears impossible to reject the view that output reverts to the trend after twenty years.

Cochrane (1988) questions those findings using a non-parametric variance test. He finds
little persistence in real U.S. GNP, and asserts that conventional methods of estimating
persistence are misleading, because they are trying to estimate a long-run impulse response
from short-run dynamics. He concludes that the existence or size of a random walk component
in GNP is not a precisely measured “stylized fact” that any reasonable model must reproduce,
but warns that standard errors are large. Cochrane concludes that this result is unavoidable,
since one needs long-run data to estimate long-run persistence of income, but there are

inherently few nonoverlapping long runs available.

Perron (1989) also examines the persistence of U.S. GNP using the same dataset as
Campbell and Mankiw (1987), and finds that traditional unit root tests cannot reject a unit
root hypothesis if the true process is stationary around a trend which contains a one-time
break. He develops a test which allows for a one time break in trend and finds that fluctuations
are stationary around a deterministic trend function. The only shocks that had persistent
effects are the 1929 crash and the 1973 oil price shock. Perron also cautions that the rejection
of the unit root is conditional on treating one-time breaks in trend as exogenous events that
are not part of the data-generating process. He further notes that even if these breaks are

indeed part of the data-generating process, apparently they arrive extremely rarely.

Finally, Serletis (1992) replicates Perron’s test using Canadian 1870-1985 real GNP and
concludes that the unit root hypothesis could be rejected if allowance is made for the possi-

bility of a one-time break of the trend function during the Great Depression.

Given these somewhat inconclusive results, we choose to report our findings for a range
of values of the persistence parameter, p. The main finding of this section is theoretical. In a
two-period overlapping-generations model with aggregate uncertainty, noncontingent nominal
assets, and trend-stationary income, strict price-level targeting dominates strict inflation

targeting and is close to the optimal policy in welfare terms. If income is nonstationary, then
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inflation targeting dominates price-level targeting and is close to the optimal policy. Given
that the evidence of a unit root in aggregate income is rather weak, our results suggest that
targeting rules that put significant weight on reverting temporary price-level deviations from
the trend are likely to do better.

Overall, our results and intuition for optimal policy and targeting rules come from the
analysis of savings decisions under uncertainty. Even though the benchmark model imposes
strong assumptions about the structure of asset markets, the main findings can be gener-
alized to more realistic environments. In particular, in the benchmark model there are no
alternative assets except fiat money, and the nominal return on money is fixed (at unity).
Under these assumptions, changes in expected inflation translate one for one into changes
in real interest rates. If the economy had alternative assets in addition to money, with en-
dogenously determined rates of return, then changes in inflation could have smaller effects
on real interest rates. In Section 3 we present a richer model in which there are two assets
besides money, and rates of return are determined endogenously. We find that our results

for optimal policy and for targeting rules (16) apply with little change.

Later on in Section 4, we analyze a simple infinite-horizon economy with two types of
agents who are heterogeneous in their endowment realizations. These agents face aggregate
income risk and insure themselves imperfectly by trading an uncontingent nominal asset. We
prove that the our results are valid in this infinite-horizon model and thus are not limited by

the number of periods or the OLG structure.

3. An OLG Economy With Land, Nominal Bonds and
Money

In order to keep things tractable, the model in the previous section has the strong assumption
that there are no alternative assets, except fiat money. In this section, we present a richer
model, in which there is productive land and nominal bonds in addition to money. Nominal
bonds are different from money, and dominate it in the rate of return. We generate demand
for money by assuming that young agents have to use money to buy land. The young borrow
money from the old by issuing noncontingent nominal bonds. We assume that the trade of
bonds and the purchase of land take place before the realization of the current productivity
shock. One can think of these arrangements as mortgage contracts. The young take a
mortgage, buy land, learn their productivity shock, produce, and then repay the bonds. The

assumption of money being necessary to buy land, can be motivated by some underlying
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credit market intermediation technology, in which money serves as a medium of exchange.
In this section, we first present the environment and characterize the monetary equilibrium.
Then, we derive the optimal monetary policy which implements the first-best allocation,
using the same welfare criterion as before. Finally, we will apply the model to compare
welfare implications of PT and IT monetary policy regimes. Derivations will be relegated to
the appendix. Despite the model being richer and more complex than the previous one, the

results and intuition remain essentially unchanged.

3.1 The Environment

There is a unit measure of agents born every period. All individuals of the same generation
are identical in all respects. Every generation lives for two periods. Further, each period
is subdivided into two subperiods: morning and afternoon. In the morning of period ¢, the
current productivity shock A; has not been observed yet. The young generation has nothing
except the endowment of labor. The old own the entire stock of land L plus the entire stock
of money M, ;. The government prints (destroys) new money in the amount M; — M; 4, and
allocates it equally among the old with a lump-sum transfer (tax). The young borrow some
amount of money from the old to finance their land purchases. The old lend money and then

sell their land for money. The morning subperiod ends.

In the afternoon of period ¢ the productivity shock A; is realized. The young combine their
labor endowment (N = 1) and the purchased land in a Cobb-Douglas production function
to produce output, Y; = A, L*N'~% = A;L*. They consume part of their output ¢/, and use
the remainder to retire their debt and to purchase money M¢ for the next period, when they

will be old. The afternoon subperiod ends.

We assume that the log of the productivity shock, a; = In A;, follows a first-order autore-
gressive process:

ay = pag—1 + &,

where ¢, is distributed as N(0,0?). It is the only source of uncertainty in the model. In
this section it is important to keep track of the timing of various events. For this reason we
introduce state space notation and show the timing of events in the figure 3. We will use s’
to represent the history of the economy up to period ¢, and s; to represent the current state
of the economy. The history evolves as st = (s, s,,1).Observe that with this notation,
M (s'=1) represents M;, since we assume that M, is determined in the morning of period ¢,
that is, before A; = A(s') is realized.
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The problem of the young is the following;:

max Y Pr(s'[s" u(c?(s") + B Pr(s™|s"u(c(s"))

subject to the following constraints:

e In the morning of period t, before A; is realized
(s L) < dls B

where ¢(s'~!) is the morning nominal price of land, d(s'™!) is the discount factor on
money borrowed in the morning, and B?(s'~!) is the nominal value of goods to be

returned to the old in the afternoon for repayment of debt.

e In the afternoon of period t, after A; is realized

M(st)
P(st)

Cy(st)—|— SAt (Ld<8t71))0‘

e In the morning of period ¢ 4 1, before A, is realized

d(s")B*(s') < M%(s") + T(s") .

e In the afternoon of period t 4 1, after A,,; is realized

B (s') | q(s")L3(s") + (MY(s") + T(s") — d(s") B*(s"))

o( t+1
¢ (S ) S P(St+1) + P(St—‘rl) ’

LS(St) — Ld(st—l) — Ld(st) — L ’
Bi(s) = BYs").

It remains to specify a monetary policy to complete the description of the model. Again,

we will start from the optimal monetary policy.
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3.2 Optimal Monetary Policy

We maintain the same social welfare criterion as in Section 2.3.1. In Appendix E we solve the
social planner’s problem for the first-best allocations and then derive the optimal monetary
policy that implements it. The optimal monetary policy implies the following price-level

dynamics:

+(1 = plas — s

2 2
plett) = () = In (o )+
Observe that, except for the first term on the right hand side, this is exactly the same formula
as in the money only economy. The discount rate d(s') is a constant in three special cases:
first, when shocks to productivity are i.i.d. (p = 0), second, when shocks to productivity
follow a random walk (p = 1), and third, when utility is logarithmic (y = 1). Outside of
these special cases, the discount rate does vary with productivity, but fluctuations are small.

Thus, we can state essentially the same results as in the money only economy:

(i) Average inflation under the optimal policy is positive, # = F [ln < d(i%)] + w 17

(ii) Expected inflation is positively correlated with current income

1 ) L (1=

d(s) 9 +v(1 = pla.

Ey [pt+1 - pt] =In (

(iii) The variability of expected inflation is decreasing in persistence of the endowment

process, p. In particular, when p = 1, the optimal expected inflation is constant:

E, [Pt+1 - pt] =T.

(iv) The optimal price level is nonstationary.

Let us now see if our results for PT/IT monetary policy regimes also carry over to this

model.

3.3 Inflation Targeting and Price Level Targeting Policy Regimes

As in the money only economy, we apply the model to compare welfare in monetary equilibria
with inflation and price level targeting policy rules. As before, we refer to these constrained
monetary policies as targeting rules. In Appendix D we show how to solve the model and

outline the computation procedure.

I"Note that that 7 is not the same as before, but it is still the optimal long-run inflation.
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What constant value of A maximizes the unconditional expected utility
Eu(c¥ (s)) + Pu(c®(s"))], attained in a monetary equilibrium?  There are again the
same special cases, for which we can solve the model analytically. We first look at the log
utility case (7 = 1). For this special case it is easy to (guess and) verify from the first-order
optimality conditions (see equations (D10) - (D12) in Appendix D) that the optimal policy

implementing the first-best allocation is consistent with (16) if A = p.

Similarly, if the endowment process is a random walk, p = 1, then (16) with A = p =1 is

consistent with the optimal policy implementing the first-best allocations.

For other values of parameters we have to resort to simulations. We also need to choose
parameters. The model is homogeneous in L , so without loss of generality, we can normalize
it to unity!®. The advantage of doing this is that income is now equal to productivity A;.
As a result we can use the same parameters for the stochastic process of productivity, as
the ones for the endowment in the money only economy. Therefore, we use the same set of
parameters as before, except for one additional parameter, the income share of land. The
income share of land, «, in the production function is taken as the share of structures in
GDP reported in Krussel et al. (2000). Table 2 lists all the parameters.

Table 2: Parameter values for model simulations, land economy

Parameter Values
Discount factor, 3 0.96%"
Relative risk aversion, ~y 1.5
Standard deviation of innovations to endowment, o 0.08
Persistence of endowment process, p 0.1, 0.5, 0.9
Income share of land, « 0.12

We simulate the economy with different values of A over many periods, and for each
rule we calculate the average utility of all generations in the simulated sample, Vy =
%ZtT:l [u(c) + Pu(c?)]. We compare the value of the average utility, Vr, with the maxi-

mum expected utility, EV*, computed at the first-best allocations:

1
Czt/* = T AtLa,
1+ 57
1
C?* = /67 T AtLa.
1465

18Consumption equivalent welfare losses are independent of L.
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With the optimal allocation, and L = 1 the unconditional expected utility is

* 1 1 - (1_’7)202>
EV* = St
1—7<1+5i> eXp(2(1—/)2) ’

as in the money only model. As a welfare metric, we use the same consumption equivalent

compensation measure as before. Results of these simulations are presented in Figure 2
which presents welfare losses across equilibria with various values of A. As is evident from
Figure 2, results are very similar to those from the money only economy: income persistence
determines whether PT or IT is closer to the optimum, and the best targeting regime has
A = p. Thus our results transfer with almost no change to this richer environment with

additional assets.

4. An infinite-horizon Economy

Next we show that our results are not limited to the overlapping generations environment.
To do this, we analyze a simple model economy in which instead of the overlapping genera-
tions structure we assume that individuals are infinitely lived. We retain all the other main
ingredients of the previous models: aggregate-endowment uncertainty, ex-post endowment
heterogeneity among individuals, and market incompleteness due to uncontingent nominal

assets being the only means of savings.

4.1 The Environment

There are two types of individuals: measure one of the “Odd” type agents who receive all of
the aggregate endowment w; in the odd periods t = 1, 3,5... and measure one of the “Even”
type of agents who receive all of the aggregate endowment w, in the even periods ¢t = 2,4,6....
As before, the log of the aggregate endowment follows a first-order autoregressive process from
one period to the next :

Inw; = plnw_q + €.

The single asset in the economy is fiat money supplied by the government. In period 1 the

“Even” agents that have no endowment in that period, hold M; units of the money stock.'”

The timing of events is as follows: at the beginning of period t the agents who do not

9The assumption of zero endowment realizations in some periods is without loss of generality. Existence
of monetary equilibrium requires that ”Odd” agents have more endowment than ”"Even” agents in the odd
periods (and less in the even periods) and ”"Even” agents holding assets in period 1.
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receive the endowment in that period, hold M;_; units of fiat money which they acquired in
the previous period. Before the current endowment wy is realized, the government prints (or
destroys) money in the amount of M; — M;_;, and distributes it evenly among the individuals
from the money holding group via lump-sum transfer (or tax if negative) T, = M;— M, ;. The
assumption that monetary transfers occur before the realization of the current endowment,
once again, implies an incomplete degree of control over the price level. After the realization
of the current endowment, wy, the agents of type i (i = e,0) who receive it in period ¢,
consume ¢! units of it. The remaining goods, w; — ¢!, are exchanged for M units of money
at the price P;. The money is supplied by the agents from the other group j (j = 0,¢e), who

. Md
have M; and consume ¢ = < %t.

Thus, an “Odd” person in this economy solves the following problem:

max Fy Z B u(e?)
t=1
subject to
Pict + M¢ Paw, ,int=1,3,5,... (24)
P! < MY +T,,int=24,6,...,

IA

while an “Even” person solves:

max F; Zﬁt_lu(cte)
t=1
subject to
Pt + M < Puw,, int=246,.. (25)

Pt < M +T,,int=1,3,57...

The goods and money market clearing conditions are the same as before:

c+c = w,

M? = M,

in all periods.
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4.2 The Social Planner’s Problem

As before, we start by defining the social welfare function and solving the social planner’s
problem for the optimal allocation. We then ask whether this allocation can be implemented

as a monetary equilibrium.

For the sake of simplicity, we abstract from lifetime wealth differences among agents
induced by the different timing of their endowment realizations. Instead we assume that
in period 0 all agents have equal probability of becoming “Odd” or “Even” in period 1.
So, in period zero, all agents are ex-ante identical, and in the presense of complete markets
would have the same life-time consumption and wealth. The social planner’s problem that
implements such an ex-ante first-best allocation assigns the same welfare weight to agents of

both types. We can state the Social Planner’s problem as follows:

Z u(c) + u(cf)].

DN | =

[\')IH

subject to the resource constraint for all periods:
c;+c <wy, fort=1,2,....

It is easy to see that the solution to this problem is the sequence of consumptions {cf, ¢f},-,

such that in each period

¢ == Ewt ) (26)

4.3 Monetary Equilibrium

Any monetary equilibrium must satisfy the first-order conditions:

M¢ MI+T,.q. P
u(w, — =) = BE, |u(— s ! 27
g = PR TR R 27
Py My wy — 7
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and the standard transversality condition. Here (7,j) = (o0,¢€), or (i,7) = (e,0) depending
on the period. Equation (27) is a standard intertemporal Euler condition. Equation (28) is
derived from the budget constraint (24) respectively (25) holding with equality, and from the

money market clearing condition M¢ = M,.

Clearly equilibria in the infinite-horizon economy characterized by (27)-(28) and in the
OLG economy characterized by (9)-(10) are equivalent up to renaming the agents. Conse-
quently, all qualitative results established in Section 2 remain unchanged.?’ Quantitative
results change only to the extent that the calibrated values of the income persistence p and
of the standard deviation of income fluctutaions ¢ would have to be adjusted to a shorter
period length. A larger value of p makes the optimal persistence of price fluctuations, A,

higher, while smaller o scales down the welfare differences between alternative policies.

To sort the results of this section into the overall picture: We have shown that neither
the assumption of an OLG structure nor that of a two perod life span are essential for
our main results. Indeed it appears that the basic features of the optimal monetary policy
will extend beyond our basic model. Key ingredients to this result are aggregate uncertainty,
incomplete markets and ex-post income heterogeneity across agents and time. These elements
make nominal uncontingent assets essential and create demand for trade that facilitates risk

sharing.

5. Conclusion

We explore the role of monetary policy in the environment with aggregate risk, incomplete
markets and long-term nominal bonds. In a two-period overlapping-generations model with
aggregate uncertainty and nominal bonds, optimal monetary policy attains the ex-ante Pareto
optimal allocation. This policy is characterized by a premium on the average inflation, a
positive correlation between expected inflation and income, an inverse relationship between

volatility of expected inflation and persistence of income, and a nonstationary price level.

2 2
20The only difference is that the optimal average inflation is # = % in the OLG model and 7 =

Ing + % in the infinite-horizon model. Thus, for § sufficiently lower than one, the optimal average
inflation rate is negative in the infinite horizon economy, while it is positive in the OLG model. If we used a
discounted social welfare function (8) in our OLG model, we would obtain exactly the same optimal average
inflation as in the infinite horizon model. As we discussed before, however, the first-best allocation that one
obtains with the discounted welfare function does not maximize ex-ante utility of individuals in the OLG
economy, because they discount old-age consumption and would prefer a path of consumption that gives
higher expected consumption to the young agents. The fact that the infinite horizon model looks very much
like an OLG model with the discounted welfare function makes us question whether an infinite horizon model

is a good approximation to an OLG economy with altruistic links between generations.
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The results extend to more general environments with multiple assets and infinitely-lived
agents. The model sheds light on the debate over the advantages of price level targeting
regimes relative to inflation targeting regimes. Persistence of income is key. If the income
process is a random walk, inflation targeting is the optimal monetary policy, while price-level
targeting is not. When income persistence is low price-level targeting dominates inflation

targeting and is close to the first best monetary policy in welfare terms.
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Figure 1: Welfare losses implied by constrained policy rules for three different degrees of en-
dowment persistence. Benchmark OLG model with money only. Parameters: 3 = 0.9639, \ =
1.5,0 = 0.08.
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Figure 2: Welfare losses implied by constrained policy rules for three different degrees of
endowment persistence. OLG model with money, land and nominal bonds. Parameters:
B =0.96%\=150=0.08ca=0.12.
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Start of realized E”d_ of
period. t period t
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M(s™), L Young borrow produce Y =A, The old consume
ds™H)B(st) repay B(s"')/P(s") c®(s")=(M(s ™ )+B(s™))IP(s")
The young in money,
born with from the old,
N=1 M(s") maximum
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T(s™)=M(s™)-M(s ™) Ianglfor old and consume
and gives to the old q(s )L ¥ (sH+Ms 1 yP(sh)

in money =Y -B(s")P(s")

Figure 3: Timing of events in the model with land
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Appendix A: The Solution To the Social Planner’s
Problem

Suppose, for a given history of endowment realizations, w? = {w1, w, ..., wr}, we are solving

the following problem:

max Vp
subject to

cd+c¢ < wy, forallt=1,2,..,T. (A1)
The solution of this problem is {¢/, ¢’}]_, such that:
u'(cf) = pu(er),
c+c = w.

It is a pair of consumption functions ¢ = ¢¥*(wy;), and ¢ = ¢ (w;). Given w, they are

independent of T and of the realized endowment history w? .

Let
T

Vi = o S (e () + u(e” ().

t=1

Let {¢f, cf}thl be any other sequence of consumptions that satisfies (A1) in each period t,
and let Vr be the corresponding average ex-post utility as defined in (4). Then Vj& > Vp,

since for all t = 1,2...,T we have
u(c” (wy)) + Bu(c” (wy)) = u(cf) + Bul(cy). (A2)
Taking expectation of Vi — Vi with respect to realizations of w! we have:
EVi]—E[Vr] >0.
Taking the liminf with respect to T" we have
Jim inf (£ V7] - E[Vr]) > 0.

Since the sequence {c}, cf}tT:1 was arbitrary, the stationary policy ¢¥*(w), ¢®*(w) attains the

maximum of the expected average utility, £ [V7], for all T.
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Appendix B: Derivation of Equation (18)

Let z; = %ﬁ be the real money balances in period t. With this notation, the real return on

money is
P, M, x
to_ t L1 (B1)
P, t+1 Mt+1 Ty
Let us rewrite equation (B1) in log terms

Pt — Pip1 = My — My +Inz — Inay. (B2)

We concentrate on PT'(\) monetary policy rules that satisfy the dynamic equation
Pt — 2zt = A(pt—l - Zt—l) — U, (B?’)

where v; is a zero-mean, serially-uncorrelated stochastic process, that is orthogonal to the

information set available at the end of period t.

We first need to find the money supply rule that will be consistent with (B3). Equation
(B3) implies
Pt = Pey1 = ANpPeo1 — pr) — (1 = N7 — v + v (B4)

Let & = Inx;. From equations (B3) and (B4) it follows that the monetary policy rule that is

consistent with (16) must satisfy:
M1 —my = AP — pe—1) + (1= )T+ §q1 — &+ v — Vg1
Taking conditional expectation E; on both sides, we obtain the money supply rule:
Mep1 — me = AN(pr — pe—1) + (L = T + Ey [Ea] — & + vr, (B5)

which implies that vey1 = §11— Fy [§41], and Ey [v41] = 0. Thus, v, is indeed an innovation,

and is, therefore, orthogonal to all the variables known as of period ¢:
E, [Qtvt+1] = O, F, [Ut+1] = 0.

Further, since FE(vvp1) = E[Ei(viveyr)] by the law of iterated expectations, and since
Ei(vpvi1) = v Ey(vyq) = 0, it follows that E(vv,.1) = 0. Therefore, the error process

vy is serially uncorrelated. Thus, the government must change the money supply according
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to (B5) to guarantee that the price level follows the dynamic equation (B3) in each period.

We are ready to derive equation (18). From (B3) and the fact that P, = Jf—; it follows
that

M, _(Mt)* (o)
Tip1 0841 B T2y PO
Which implies
My )\xt+1
7 = ( ) ” exp(—&i1 + By [§e41])
t+1 t

|
:(_

we obtain the desired equation (18)

Ty

)A exp( L [Inep])

A

M,
Zr
M, )\xt+1
Z) —exp(—Inz ) exp(E; [Inwyyq])
M,
Zy i

— M

Denoting hy = 7

B\
hiy1 = (x—t) eXP(Et [lniﬂtﬂ])-

t
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Appendix C: Equivalence of Loss Functions and Strict
Targeting Rules

Suppose the monetary authority minimizes the loss function
L=E) &'(m-7), (C1)
t=1

where £ is an arbitrary constant in (0, 1), subject to {m;}$2, being consistent with a monetary
equilibrium. The constraint says that in choosing its monetary policy, the monetary authority
must to respect the first-order conditions of individuals. Ignoring the constraint for a moment,

the solution of an unconstrained problem is
o0
min L = F Z K (m — )2
t=1

Due to our timing assumption, the monetary authority has control of next period’s expected
inflation only, and is not able to control next period’s realized inflation. Thus, we can rewrite

the problem as

minL = F Z KN (Ey_qmi + v — )% (C2)
t=1

where v; is the part of inflation in period ¢ that is not under the control of the monetary

authority. The first order condition of the unconstrained problem is
2IitEt,1<Et,17Tt + vy — f) = 0,

or equivalently,
Et—l (7Tt - 7) = 0.

If the monetary authority sets F;_;m; = T every period, then the first order conditions of the
unconstrained problem are satisfied. Under strict IT, the monetary authority is required to
have E;_;m; = 7. In any monetary equilibrium with this constraint imposed, the first order
conditions of individuals hold as well. It follows then, that any strict I'T regime monetary
equilibrium, satisfies the necessary and sufficient conditions of the constrained problem with

the loss function given by (C1).

To show the converse, suppose there is a solution of the constrained problem with the

loss function (C1) such that E;_ ;7 # 7 in at least one period with positive probability. This
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means that the constraint set must be binding, and the value of the loss function must be
greater relative to the the unconstrained problem. This leads to a contradiction, because
any strict I'T regime equilibrium minimizes the unconstrained loss function, and thus must

do better than our assumed solution. This proves the equivalence.

For the strict PT regime and the loss function L = E > ° k'(p; — 2z)?, the logic is

identical.
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Appendix D: Solving the Model With Land

We can state the problem of the young born in period t as follows:

max r(s'|s"u d(gt=1))" — g(s L) Md(st)
ZP (s'[s") (At (L ( )) d(s=1)P(s!) P(s) )

—i—ﬁZPr (5515w ( B(SS(M)) N q(s")L(s1) + (M ](D(S)tﬂ) (s) —d(s")B*(s ))) ’

subject to the constraint
d(s")B*(s') < M%(s") + T(s"). (D1)

The first-order conditions of the problem are:

d(s'=1)P(s") P(s) (s*=H)P(s")

(AtLa a(s' DL _ Md(f)) ad Lot — 4 ) >+

0= Z Pr(s'|s"™1)

s () LA(MU(s")+T(s")—d(s") B> (s") st ’
B3 Pr(s™s") {u (z?(sgﬂ)) + - ( P(st+T) )> P[éw)l)}

(D2)

st MY 1
0 = ¢t~ <AtL T AP | (s > Plsh) (D3)
Sl BS( f) q(s")L + (Md(st) +T(s") — d(st)Bs(st)) 1

- B(s')  q(s")L+ (M4s) +T(s') — d(s")B*(s")) | 1 —d(s")
BZPr |s") < P(s) - P(st+1) ) P(st+1) ]

= &(sh)d(s"), (D4)
where £(s') > 0 is the Lagrange multiplier on constraint (D1).

From the last first-order condition it follows that d(s') < 1. It must be strictly less than

1 in equilibrium, and this implies that old agents will lend all of their money stock, while

39



young agents will borrow just enough to buy land. So, in equilibrium we must have

MY(s') = M(s"),
q(sHL = d(s"B*(s") = M(s"™") + T(s") = M(s"). (D5)

Taking into account the equilibrium conditions (D5), we can rewrite the first order con-
ditions (D2)-(D4) as follows

St—l St—l P St—l
t t—1 v (AtLa N d(i\f_(l)P()St) B Mlg(st) )) <aAtL - M)
0= ZPT(S s7) tr1yy S M(sH M(st) \ M(sh)/L ’
—|—6ZPI‘(S |S ) u dHP(sT) + P(st+h)

P(stHT)

ey (e METY  METHY 1
0 = f( ) (AtL d(st—l)P<St> (St ) (St

t+1 .t / M(s')
+B) Pr(s™|s") [u <d(st)P(st+1 Sm ) P } ,

ol i ) )

P(St+1)

From the last equation we can find &(s?)

N d(s") tH1y oty | M(s") M(s") 1
€)= g e o (e + o) o) 9

and then substitute the expression for £(s') into the previous two equations

u (A Lo — ]\z[_(ft—l)t - M(stt—l)) <OéA La_l _ Mt(i—l)/[;>
0="> Pr(s'ls'"") ¢ A=) P(sh) g(f)(j( gt)M(st) t aG-DPEN
T A—deL
L‘St) —u [ ALY — M(s'™) _ M(s"™) 1
1—d(s") " d(sthP(shy P ) P(s')
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Eliminating £(s') we obtain

St—l St—l
v (AtLa — TRt )>
d

0=) Pr(s'ls"") o
Z X (O‘AfLa_l B d(s]t\{(ls)P(s)t)L + P()st)L )

Thus, we derive two dynamic equations

PR ) [¢ (G + ) i) oY

(e MY MEHY
- o (40 - e~ ) 4

d(s—1)P(s) P(sh)

a-1 M(s'"1) d(s")M(s")
X (O‘AtL T A& HPGIL T PO

o <AtLa __M(sh MG 1>>

0= Z Pr(s'[s'™1)

. (D8)
)

In addition, the money market clearing condition must be satisfied:

and hence,

Let z(s') = Mlﬁf;;) = Affra;tcy(l‘j) The money market clearing conditions imply the law of

motion for the price level
P(St) M(stfl) $(8t+1)
P(stl) — M(s')  a(s')

Substituting (D9) into the dynamic equations (D7) and (D8) we get

et o (S e S 5
= (e )

(D9)

- o' (AtLa — dfs(f_t)l) — ZE(St)>
0= Z PI‘(S ’8 ) ALY — x(st) d t ty M(s?)
X\ Ay d(st—l) + (8 )l’(S )M(St—l)
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To close the system, we need to determine how MA%SZ; ) changes over time. Let h(s'™) =
M

%_1). Appendix B shows that

t h(sH\* 1)t t+1
h(s") = ( :l(c(st))) exp(E:Plr(sJr |s) [Inz(s)]).

We end up with a system of 25 + 1 dynamic equations (D10)-(D12) that must be solved to

compute the monetary equilibrium

z(st)

u (AtL‘" T x(s )) d(s") exp(T) (D10)

= B Pr(s"t]s") {u (:cc(;:)l )¢ a:(st+1)> h;?;; ) xi“i:)l )] , for all s,

o (AL — 285 — ()
X <aAtLa — dfs(f,)l) + d(st)x(st)h}(l;ff)l) exp(ﬁ)>

0= ZPr(st\st’l) : (D11)

h(st) = (h(8t1)> exp(z Pr(s'™|s) [111 x(st+1)]), for all s;. (D12)

x(s?)

where z(s') = Mlﬁfij)l) and h(s') = ]gt(i)'

Suppose we know z(s1), d(s'). We can solve the above 25 + 1 equations for 25 + 1 un-
known functions: d(A;_1,h(s'™1)), x(As, As_y, h(st7Y)), and B/ (As, As_1, h(s'™1)). Note that
in the case of i.i.d. productivity shocks these three functions do not depend on A;_;. This
is because the only way A, ; enters the equations above, is through conditional probabil-

ities Pr(s?[s'™!). With i.i.d. shocks those are independent of s'~!, and we are looking for
d(h(st™1)), (A, h(st™1)), and A (Ay, h(st7h)).

In the CRRA utility case, the dynamic equations can be simplified somewhat

ALY — (d(st;,l) + 1) z(s')

—— d(s')a(s") exp()

= f

h(st—l) . A
h(st) D Pr(s™sh)[a(s] 7, for all s,
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0= ZPr(StLSt_l) [ <AtLa B <d(5t1’1) * 1) JE(‘(’I))_7

x (AL~ (gt — dls') s exp(m) ) a(s"))

oy _ (M) /\ex r(s"s") [Inx (s or all s
) = (55 ) exp(E P ) [ ), foral
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Appendix E: Optimal Monetary Policy in the Model
With Land

The same welfare criterion as in the money only economy results in the following first-best
allocations

1
Cil* = T AtLa,
14 67
1
& = 5 1o
14 67

The first-order conditions (D2) (D4) with the optimal allocations become:

-
Lg e act _ ML
(lmAtL ) (ae2e™ = il ) +

1 - )
By « M(s")/L
9 Pr(sts!) [(w% At P(sm)]

0= Z Pr(s'[s'™1)

t 1 « - 1
V- §<S>_<1+ﬁiAtL> P(s")

1]t G o B 1
+5ZPT(5 ') [(1+BiAtHL ) m] ;

£(s)d(s") _ (st st B
1 —d(st) =02 Prs™ )[<1+5i

After simplifications, we obtain

0= Yprtsts ) [ar7 (e - MDY S ey L MO0

t+1 p( t+1)

ZPI (s"T1]sh)

|(52) wes

44



From the money market clearing conditions

M(Stfl)
P(s") =
(S ) I(St) Y
where the optimal z(s') is given by
x(s') = b A L".

(1+687) (g + 1)

Substituting these values of P(s'), and z(s'), we obtain

AT ALY — /B%AtLa
K (a ! <1+ﬂ%)<ﬁ+1>d(st 1))
0= ZPr(st|3t_1)

+ZPI‘(8t+1|St> {A Y

g
t+1( 1)
5%

At+1 L }

Ay

Which can be further simplified to

1
AT <a — ~— )
0="> Pr(s'|s"") (HBW)(d( oy 1))

1
+ (1+ﬁ%)m > Pr<5t+1|5t) [A;le]

(st +1)

Z PI' t+1|

For brevity, let’s use the expectation operator

M (st)

1
1 a (1 + 5”) B
T 1 1 1 By [Az} W} =L
d(st—1) + ﬁv
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(At“)l_v M(s™) g + 1

1
m+1

1

d(s")
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M(St) N 1 d(stlﬂ) + 1
M(st=1) — d(s?) ﬁ +1

t

A\
( ;1:1) ] . (E2)
Let U(s") = ﬁEt [A;:ﬂ . We can then rewrite (E1) as

d(st)

o (1 + ﬁW) .
1——————2 | B [A 7] = V(s + By [O(sY)]. (E3)

Let us concentrate on stationary (first-best) equilibria, i.e. let U(s') = W(s;). The last
equation is a functional equation which determines W(A;). Once W(A;) is known, we can use

(E2) to solve for the optimal monetary policy. Optimal inflation is

P(s#1) M(s)  a(s)
P(st) M (st=1) z(st*1)
1 A\ 7T A
G (Tt) e

Taking logs on both sides, and using properties of the log-normal distribution we obtain:

1 (1—-7)%”
<st>> T

It is easy to see from equation (E1) that the discount rate d(s') is a constant in three

st =) =1 5 .

special cases: first, when shocks to productivity are i.i.d. (p = 0), second, when shocks to
productivity are a random walk (p = 1), and third, when utility is logarithmic (y = 1). Let

us prove this for an i.i.d. case.

When productivity shocks are i.i.d., equation (E1) simplifies to

1

1
m—i-l

A =
Ay ’

Oz<1—|—ﬁ%) 1
= 1 +Et—1

1-— T =
ﬂ? b)) +1

. (E4)

Thus, we obtain two dynamic equations

M(s) 1 g+l

M(st=1) — d(s?) %st) +1

t
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Oz(l-i-ﬁ%) 1
1-— = + FE,_
B3 w1 o

1
1
asn T 1

. (E5)

Since we are focusing on stationary equilibria, assume % = u(s;) and d(s') = d(s;). The
first equation implies that d(s;_1) is independent of s; 1. Thus d(s;) = d for all s* and for all
t. Equation (E5) can be solved for d
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