
Appendix 1: Simple Calvo Economy

Equilibrium system of equations

ct = st

yt = st + invt

invt = zt − st − (1− δ) (zt−1 − st−1)

Wt = W λ
t−1 (Ptct)

1−λ

Mt = Ptct

µt = Mt/Mt−1

v∗t+j(i) =
zt+j (i)

st+j

(
Pt (i)

Pt+j

)θ

MCt = Wt

Λt = MCt

1− F (v∗t+j(i)) =
Λt+j − (1− δ)Et+j βUt+j+1Pt+j

Ut+jPt+j+1
Λt+j+1

Pt(i)− (1− δ)Et+j βUt+j+1Pt+j
Ut+jPt+j+1

Λt+j+1

Et

∞∑
j=0

ξjp
βjUt+jPt
UtPt+j

Zt+j(i)

ωt+j(i)

{
(1− θ)Pt(i) + θ(1− δ)Et+j

βUt+j+1Pt+j
Ut+jPt+j+1

Λt+j+1

+θωt+j(i)

[
Λt+j − (1− δ)Et+j

βUt+j+1Pt+j
Ut+jPt+j+1

Λt+j+1

]}
= 0

0



P 1−θ
t =

∫ 1

0

P 1−θ
t (i) Φ(v∗t (i))di

Normalization

wt = Wt/Pt, mt = Mt/Pt, etc.

Stationary equations

invt = zt − st − (1− δ) (zt−1 − st−1)

ct = st

st + invt = yt

wt = wλt−1π
−λ
t c1−λ

t

mt = ct

µt = mt/mt−1πt

mct = wt

λt = mct
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v∗t+j(i) = pθt (i)
zt+j(i)

st+j

1− F (v∗t+j(i)) =
λt+j − (1− δ)Et+j

(
βct+j
ct+j+1

λt+j+1

)
pt(i)− (1− δ)Et+j

(
βct+j
ct+j+1

λt+j+1

)

zt(i)

ωt(i)
(θ − 1)

[
pt(i)−

θ

θ − 1

{
ωt(i)λt + (1− ωt(i))(1− δ)Et

βξt+1

ξt
λt+1

}]
+Et

∞∑
j=1

ξjp
βjct
ct+j

zt+j(i)

ωt+j(i)
(θ − 1)×

×
[
pt(i)−

θ

θ − 1

{
ωt+j(i)λt+j + (1− ωt+j(i))(1− δ)Et+j

βct+j
ct+j+1

λt+j+1

}]
= 0

where ωt+j(i) =
v∗t+j(i)∫

min(v,v∗t+j(i))dF (v)
.

1 =

∫ 1

0

p1−θ
t (i) Φ(v∗t (i))di

= (1− ξp)p1−θ
t (i) Φ(v∗t (i)) + (1− ξp)

∞∑
j=1

ξjpp
1−θ
t−j (i) Φ(v∗t (i))

Steady state

inv∗ = δ (z∗ − s∗)

c∗ = s∗

s∗ + inv∗ = y∗
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w∗ = π−λ∗ c∗

m∗ = c∗

µ = π∗

mc∗ = w∗

λ∗ = mc∗

v∗∗ = pθ∗
z∗
s∗

1− F (v∗∗) =
(1− (1− δ)β)mc∗
p∗ − (1− δ)βmc∗

λ∗ =
θ − 1

θ

p∗(
v∗∗

Ψ(pθ∗ z∗s∗ )
+

(
1− v∗∗

Ψ(pθ∗ z∗s∗ )

)
(1− δz)β

)

p1−θ
∗ Φ

(
pθ∗
z∗
s∗

)
= 1

Recall

Φ(v∗) =

∫
v≤v∗

vdF (v) + v∗
θ−1
θ

∫
v>v∗

v
1
θ dF (v)

= exp

(
σ2

2

)
F
(
v∗ − σ2

)
+ v∗

θ−1
θ exp

(
σ2

2θ2

)(
1− F

(
v∗ − σ2/θ

))
Ψ(v∗) =

∫
min (v, v∗) dF (v)

= exp

(
σ2

2

)
F
(
v∗ − σ2

)
+ v∗ (1− F (v∗))

3



Log-linearized equations (including aggregation)

inv∗învt = z∗ẑt − s∗ŝt − (1− δ) (z∗ẑt−1 − s∗ŝt−1)

ĉt = ŝt

s∗
y∗
ŝt +

inv∗
y∗

învt = ŷt

ŵt = λŵt−1 − λπ̂t + (1− λ)ĉt

m̂t = ĉt

µ̂t = m̂t − m̂t−1 + π̂t

µ̂t = ρµµ̂t−1 + εµt

m̂ct = ŵt

λ̂t = m̂ct

First derive the equation for I-S ratios:

v̂∗t+j(i) = θ

(
p̂t(i)−

j∑
l=1

π̂t+l

)
+ ẑt+j(i)− ŝt+j

= θ

(̂̃pt(i)− j∑
l=1

π̂t+l

)
+ ẑt+j(i)− ŝt+j
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Recall I-S equation

1− F (v∗t+j(i)) =
λt+j − (1− δ)Et+j

(
βct+j
ct+j+1

λt+j+1

)
pt(i)

1∏j
l=1 πt+l

− (1− δ)Et+j
(
βct+j
ct+j+1

λt+j+1

)
log-linearizing gives:

f(v∗∗)v
∗
∗

1− F (v∗∗)

(
ŝt+j − ẑt+j(i)− θ

(
p̂t(i)−

j∑
l=1

π̂t+l

))

=
λ̂t+j − (1− δ)βEt+j

(
−ĉt+j+1 + ĉt+j + λ̂t+j+1

)
1− (1− δ)β

−
p∗

(
p̂t(i)−

∑j
l=1 π̂t+l

)
− (1− δ)βmc∗Et+j

(
−ĉt+j+1 + ĉt+j + λ̂t+j+1

)
p∗ − (1− δ)βmc∗

Sum across i and use aggregate price equation

{
p̂t(i) +

∞∑
j=1

ξjp

(
p̂t−j(i)−

j∑
l=1

π̂t−l+1

)}
(1− ξp)

= − p∗Φ
′(v∗∗)v

∗
∗

(1− θ) Φ(v∗∗) + θp∗Φ′(v∗∗)v
∗
∗

(ẑt − ŝt)

to obtain

f(v∗∗)v
∗
∗

1− F (v∗∗)

(
θp∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp∗Φ′(v∗∗)v
∗
∗
− 1

)
(ẑt − ŝt)

=
λ̂t − (1− δ)βEt

(
−ĉt+1 + ĉt + λ̂t+1

)
1− (1− δ)β

+
p∗

p∗ − (1− δ)βmc∗
p∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp∗Φ′(v∗∗)v
∗
∗

(ẑt − ŝt)

+
(1− δ)βmc∗Et

(
−ĉt+1 + ĉt + λ̂t+1

)
p∗ − (1− δ)βmc∗
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Let

B∗ =
p∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp∗Φ′(v∗∗)v
∗
∗

C∗ =
f(v∗∗)v

∗
∗

1− F (v∗∗)
θ − p∗

p∗ − (1− δ)βmc∗

Simplify by gathering ẑt − ŝt term:

(
C∗B∗ −

f(v∗∗)v
∗
∗

1− F (v∗∗)

)
(ẑt − ŝt) =

λ̂t − (1− δ)βEt
(
−ĉt+1 + ĉt + λ̂t+1

)
1− (1− δ)β

+
(1− δ)βmc∗Et

(
−ĉt+1 + ĉt + λ̂t+1

)
p∗ − (1− δ)βmc∗

or after separating markup term from mc-growth term:

(
C∗B∗ −

f(v∗∗)v
∗
∗

1− F (v∗∗)

)
(ẑt − ŝt) =

mc∗
p∗ − (1− δ)βmc∗

λ̂t

+
p∗/mc∗ − 1

(1− (1− δ)β) (p∗ − (1− δ)βmc∗)

[
λ̂t − (1− δ)βEt

(
−ĉt+1 + ĉt + λ̂t+1

)]

Turning to the pricing equation:

zt(i)

ωt(i)

[
pt(i)−

θ

θ − 1

{
ωt(i)λt + (1− ωt(i))(1− δ)Et

βct
ct+1

λt+1

}]
+Et

∞∑
j=0

ξjp
βjct
ct+j

zt+j(i)

ωt+j(i)[
pt(i)

1∏j
l=1 πt+l

+
θ

θ − 1

{
ωt+j(i)λt+j + (1− ωt+j(i))(1− δ)Et+j

βct
ct+1

λt+j+1

}]
= 0
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where ωt+j(i) =
v∗t+j(i)∫

min(v,v∗t+j(i))dF (v)
. Next log-linearize the pricing equation:

p∗p̂t(i)−
θ

θ − 1
(1− δ)βmc∗Et

[
−ĉt+j+1 + ĉt+j + λ̂t+j+1

]
− θ

θ − 1
ω∗

{
mc∗m̂ct − (1− δ)βmc∗Et

[
−ĉt+j+1 + ĉt+j + λ̂t+j+1

]}
− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β) (θp̂t(i) + ẑt(i)− ŝt)

+Et

∞∑
j=1

ξjpβ
j

{
p∗p̂t(i)−

j∑
l=1

π̂t+l −
θ

θ − 1
(1− δ)βmc∗

[
−ĉt+j+1 + ĉt+j + λ̂t+j+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t+j − (1− δ)βmc∗Et

[
−ĉt+j+1 + ĉt+j + λ̂t+j+1

]}
− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β)

(
θ

(
p̂t(i)−

j∑
l=1

π̂t+l

)
+ ẑt+j(i)− ŝt+j

)}
= 0

where

Φ′(v∗) =
θ − 1

θ
(v∗)

−1
θ exp

(
σ2

2θ2

)(
1− F

(
v∗ − σ2/θ

))
Ψ(v∗) =

∫
min (v, v∗) dF (v)

= exp

(
σ2

2

)
F
(
v∗ − σ2

)
+ v∗ (1− F (v∗))

Ψ′(v∗) = 1− F (v∗)

ω(v∗) =
v∗

Ψ(v∗)

ω′(v∗) =
Ψ(v∗)− v∗Ψ′(v∗)

[Ψ(v∗)]2
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minus same at t+ 1 multiplied by ξpβ gives

p̂t(i)

(
p∗ −

θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β)θ

)
− θ

θ − 1
(1− δ)βmc∗Et

[
−ĉt+1 + ĉt + λ̂t+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t − (1− δ)βmc∗Et

[
−ĉt+1 + ĉt + λ̂t+1

]}
− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β) (ẑt − ŝt)

−
ξpβ

1− ξpβ

(
p∗ −

θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β)θ

)
Etp̂t+1(i)

+Et
ξpβ

1− ξpβ

((
p∗ −

θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β)θ

)
p̂t(i)− π̂t+1

)
= 0

The aggregate price is determined by

1 =

∫ 1

0

p1−θ
t (i) Φ(v∗t (i))di

= (1− ξp)p1−θ
t (i) Φ(v∗t (i)) + (1− ξp)

∞∑
j=1

ξjpp
1−θ
t−j (i)

(
1∏j

l=1 πt−l+1

)1−θ

Φ(v∗t (i))

which after log-linearization becomes

0 = (1− θ) p̂t(i)Φ(v∗∗) + p1−θ
∗ Φ′(v∗∗)v

∗
∗ (θp̂t(i) + ẑt(i)− ŝt)

+ (1− θ)
∞∑
j=1

ξjp

(
p̂t−j(i)−

j∑
l=1

π̂t−l+1

)
Φ(v∗∗)

+
∞∑
j=1

ξjp

[
p1−θ
∗ Φ′(v∗∗)v

∗
∗

(
θp̂t−j(i)− θ

j∑
l=1

π̂t−l+1 + ẑt(i)− ŝt

)]
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0 = p̂t(i) +
1

1− ξp
p∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp∗Φ′(v∗∗)v
∗
∗

(ẑt − ŝt)

+
∞∑
j=1

ξjp

(
p̂t−j(i)−

j∑
l=1

π̂t−l+1

)

minus same at t− 1 multiplied by ξp :

p̂t(i) =
ξp

1− ξp
π̂t −

1

1− ξp
p∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp∗Φ′(v∗∗)v
∗
∗

[
(ẑt − ŝt)− ξp (ẑt−1 − ŝt−1)

]

Let A∗ = p∗ − θ
θ−1

ω′∗(v
∗
∗)v
∗
∗mc∗(1 − (1 − δ)β)θ. Plugging this equation back into the

pricing equation yields the NKPC:

1

1− ξpβ
ξp

1− ξp
π̂tA∗

− 1

1− ξpβ
1

1− ξp
B∗
[
(ẑt − ŝt)− ξp (ẑt−1 − ŝt−1)

]
A∗

− θ

θ − 1
(1− δ)βmc∗Et

[
−ĉt+1 + ĉt + λ̂t+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t − (1− δ)βmc∗Et

[
−ĉt+1 + ĉt + λ̂t+1

]}
− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δ)β) (ẑt − ŝt)

−
ξpβ

1− ξpβ
A∗Et

{
ξp

1− ξp
π̂t+1 −

1

1− ξp
B∗
[
(ẑt+1 − ŝt+1)− ξp (ẑt − ŝt)

]}
−Et

ξpβ

1− ξpβ
π̂t+1

= 0

9



or after simplification

π̂t = β
1− ξp(1− A∗)

A∗
Etπ̂t+1

+

(
1− ξpβ

) (
1− ξp

)
ξpA∗

[
θ

θ − 1
ω∗mc∗λ̂t − (ω∗ − 1)

θ

θ − 1
(1− δ)βmc∗Et

[
−ĉt+1 + ĉt + λ̂t+1

]]
−B∗ (ẑt−1 − ŝt−1)

+

{(
1− ξpβ

) (
1− ξp

)
ξpθ

p∗ − A∗
A∗

+
B∗
ξp

+ ξpβB∗

}
(ẑt − ŝt)

−βB∗Et (ẑt+1 − ŝt+1)

Adding adjustment cost

In retailer‘s problem we add convex adjustment cost in the law of motion for inventory

stock:

zt+j (i) = (1− δ)

(
zt+j−1 (i)− st+j−1

(
Pt (i)

Pt+j−1

)−θ ∫
min(v, v∗t+j(i))dF (v)

)
+ yt+j (i)

−η
2

(yt+j (i)− (Iηyt+j−1 (i) + (1− Iη) y∗))2 [Iηyt+j (i) + (1− Iη) y∗]−1 ,

where Iη = {0, 1}. The adjustment cost is a convex function of the output level deviations

from steady state if Iη = 0, and if Iη = 1 the cost a function of the change in the output

level. The new version of equation for the log-linearized marginal cost of the new stock is

λ̂t+j (i) = m̂ct+j + η [ŷt+j (i)− Iηŷt+j−1 (i)] .
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Appendix 2: Adding inventories to Smets and Wouters (2007) model

A. New equations

Two equations are added (inventory-sales ratio equation, law of motion for aggre-

gate inventories), and two equations are modified (the pricing equation and the resource

constraint).

Resource constraint:

Πt =

∫
Πt (i) di =

∫
Pt (i)St (i) di−WtLt −Rk

tKt

taking into account that

∫
Pt (i)St (i) di = PtSt = PtYt − PtInvt

where Invt is period t inventory investment (change in the end-of-period stock):

Invt =

∫ [
Zt (i)− St (i)− (1− δz) (Zt−1 (i)− St−1 (i)) +

η

2
(Yt (i)− Yt−1 (i))2 Y −1

t (i)
]
di

= Zt − St − (1− δz) (Zt−1 − St−1) +
η

2

∫
(Yt (i)− Yt−1 (i))2 Y −1

t (i) di

Hence the resource constraint is

Ct + It + Invt +Gt + a(ut)Kt−1 = Yt

and final sales to domestic purchasers are defined as

11



Ct + It +Gt + a(ut)Kt−1 = St

Final good producers:

max
St,St(i,v)

PtSt −
∫ 1

0

Pt (i)St (i, v) di

s.t. St =

[∫ 1

0

(
vt(i)

1
θt St (i, v)

θt−1
θt

)
di

] θt
θt−1

St (i, v) ≤ Zt (i) [γ̃t(i, v)]

FOCs:

Ptvt(i)
1
θt St (i, v)

−1
θt S

1
θt
t − Pt (i)− γ̃t(i, v) = 0 (1)

γ̃t(i, v) (Zt (i)− St (i, v)) = 0

Case 1: γ̃t(i, v) > 0, then St (i, v) = Zt (i), and γ̃t(i, v) = Ptvt(i)
1
θtZt (i)

−1
θt S

1
θt
t − Pt (i)

Case 2: γ̃t(i, v) = 0, then St (i, v) = vt(i)St

(
Pt(i)
Pt

)−θt
.

Intermediate good producers:
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max
P̃t(i),{Zt+j(i)}

Et

∞∑
j=0

ξjp
βjΞt+jPt
ΞtPt+j

×P̃t(i)Xt,jSt+j

(
P̃t (i)Xt,j

Pt+j

)−θt+j ∫
min(v, v∗t+j(i))dF (v)−MCt+jYt+j (i)


+Et

∞∑
j=1

ξj−1
p (1− ξp)

βjΞt+jPt
ΞtPt+j

[−MCt+jYt+j (i)]

s.t. v∗t+j(i) =
Zt+j (i)

St+j

(
P̃t (i)Xt,j

Pt+j

)θt+j

Zt+j (i) = (1− δz)

Zt+j−1 (i)− St+j−1

(
P̃t (i)Xt,j−1

Pt+j−1

)−θt+j−1 ∫
min(v, v∗t+j−1(i))dF (v)

+ Yt+j (i)

−η
2

(Yt+j (i)− γYt+j−1 (i))2 Y −1
t+j (i)

Using the fact that

d

dz

∫
min(v, v∗(z))dF (v) = (1− F (v∗(z)))

dv∗(z)

dz

[Y ] : −MCt+j + λt+j (i)

(
1− η

(
1− γYt+j−1 (i)

Yt+j (i)

)
+
η

2

(
1− γYt+j−1 (i)

Yt+j (i)

)2
)

= 0

So that the shadow value of stock λt+j (i) = MCt+j/

[
1− η

(
1− γ Yt+j−1(i)

Yt+j(i)

)
+ η

2

(
1− γ Yt+j−1(i)

Yt+j(i)

)2
]
.

FOCs for Zt+j (i)

1− F (v∗t+j(i)) =
λt+j (i)− (1− δz)Et+j βΞt+j+1Pt+j

Ξt+jPt+j+1
λt+j+1 (i)

P̃t(i)Xt,j − (1− δz)Et+j βΞt+j+1Pt+j
Ξt+jPt+j+1

λt+j+1 (i)
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FOCs for P̃t (i) :

Et

∞∑
j=0

ξjp
βjΞt+jPt
ΞtPt+j

×


(1− θt)P̃t (i)Xt,jSt+j

(
P̃t(i)Xt,j
Pt+j

)−θt+j ∫
min(v, v∗t+j(i))dF (v) + θt+jP̃t(i)Xt,jZt+j (i) (1− F (v∗t+j(i)))

+(1− δz)Et+j βΞt+j+1Pt+j
Ξt+jPt+j+1

λt+j+1 (i)×{
θt+jSt+j

(
P̃t(i)Xt,j
Pt+j

)−θt+j ∫
min(v, v∗t+j(i))dF (v)− θt+jZt+j (i) (1− F (v∗t+j(i)))

}


= Et

∞∑
j=0

ξjp
βjΞt+jPt
ΞtPt+j

Zt+j(i)

v∗t+j(i)
×

(1− θt+j)P̃t (i)Xt,j

∫
min(v, v∗t+j(i))dF (v) + θt+jP̃t(i)Xt,jv

∗
t+j(i)(1− F (v∗t+j(i)))

+(1− δz)Et+j βΞt+j+1Pt+j
Ξt+jPt+j+1

λt+j+1 (i)×{
θt+j

∫
min(v, v∗t+j(i))dF (v)− θt+jv∗t+j(i)(1− F (v∗t+j(i)))

}


= Et

∞∑
j=0

ξjp
βjΞt+jPt
ΞtPt+j

Zt+j(i)

∫
min(v, v∗t+j(i))dF (v)

v∗t+j(i)
× (1− θt+j)P̃t (i)Xt,j + θt+j(1− δz)Et+j βΞt+j+1Pt+j

Ξt+jPt+j+1
λt+j+1 (i)

+θt+j

{
λt+j (i)− (1− δz)Et+j βΞt+j+1Pt+j

Ξt+jPt+j+1
λt+j+1 (i)

}
v∗t+j(i)∫

min(v,v∗t+j(i))dF (v)


For the aggregate price we obtain

P 1−θ
t =

[∫
vt(i)≤v∗t (i)

vt(i)Pt (i)1−θ di+

∫
vt(i)>v∗t (i)

vt(i)

(
v∗t (i)

vt(i)

) θ−1
θ

Pt (i)1−θ di

]

=

∫ 1

0

P 1−θ
t (i) Φ(v∗t (i))di

where we invoke the law of large numbers and the fact that vt(i) is independent of Pt(i) and
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zt(i). Here Φ(v∗t (i) satisfies:

Φ(v∗t (i)) =

∫
vt(i)≤v∗t (i)

vt(i)dF (v) + v∗t (i)
θ−1
θ

∫
vt(i)>v∗t (i)

vt(i)
1
θ dF (v)

For normally distributed demand shocks

Φ(v∗t (i)) = exp

(
σ2

2

)
F
(
v∗t (i)− σ2

)
+ v∗t (i)

θ−1
θ exp

(
σ2

2θ2

)(
1− F

(
v∗t (i)− σ2/θ

))

which implies

Φ′(v∗) =
θ − 1

θ
(v∗)

−1
θ exp

(
σ2

2θ2

)(
1− F

(
v∗ − σ2/θ

))
Ψ(v∗) =

∫
min (v, v∗t (i)) dF (v)

= exp

(
σ2

2

)
F
(
v∗t (i)− σ2

)
+ v∗t (i) (1− F (v∗t (i)))

Ψ′(v∗) = 1− F (v∗t (i))

ω(v∗) =
v∗

Ψ(v∗)

ω′(v∗) =
Ψ(v∗)− v∗Ψ′(v∗)

[Ψ(v∗)]2

Stationary equations

invt = zt − st −
1− δz
γ

(zt−1 − st−1) +
η

2

∫
(yt(i)− yt−1(i))2 y−1

t (i)di

ct + it + y∗gt +
a(ut)

γ
kt−1 = st

st + invt = yt

15



v∗t+j(i) = p
θt+j
t (i)

zt+j(i)

st+j

λt+j (i) = mct+j/

[
1− η

(
1− yt+j−1 (i)

yt+j (i)

)
+
η

2

(
1− yt+j−1 (i)

yt+j (i)

)2
]

1− F (v∗t+j(i)) =
λt+j − (1− δz)Et+j

(
βγξt+j+1

ξt+j
λt+j+1

)
p̃t(i)

∏j
l=1 π

ιp
t+l−1π

1−ιp
∗∏j

l=1 πt+l
− (1− δz)Et+j

(
βγξt+j+1

ξt+j
λt+j+1

)

zt(i)

ωt(i)
(θt − 1)

[
p̃t(i)−

θt
θt − 1

{
ωt(i)λt + (1− ωt(i))(1− δz)Et

βγξt+1

ξt
λt+1

}]

+Et

∞∑
j=1

ξjp
β
j
γjξt+j
ξt

zt+j(i)

ωt+j(i)
(θt+j − 1)×

×

[
p̃t(i)

∏j
l=1 π

ιp
t+l−1π

1−ιp
∗∏j

l=1 πt+l
− θt+j
θt+j − 1

{
ωt+j(i)λt+j + (1− ωt+j(i))(1− δz)Et+j

βγξt+j+1

ξt+j
λt+j+1

}]
= 0

where ωt+j(i) =
v∗t+j(i)∫

min(v,v∗t+j(i))dF (v)
.

1 =

∫ 1

0

p1−θt
t (i) Φ(v∗t (i))di

= (1− ξp)p̃1−θt
t (i) Φ(v∗t (i)) + (1− ξp)

∞∑
j=1

ξjpp̃
1−θt
t−j (i)

(∏j
l=1 π

ιp
t−lπ

1−ιp
∗∏j

l=1 πt−l+1

)1−θt

Φ(v∗t (i))

B. Steady state

inv∗ =

(
1− 1− δz

γ

)
(z∗ − s∗)
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c∗ + i∗ + y∗g∗ = s∗

s∗ + inv∗ = y∗

v∗∗ = pθ∗
z∗
s∗

λ∗ = mc∗

1− F (v∗∗) =

(
1− (1− δz)βγ

)
λ∗

p̃∗ − (1− δz)βγλ∗

p̃1−θ
∗ Φ

(
pθ∗
z∗
s∗

)
= 1

p̃∗ −
θ

θ − 1

 v∗∗

Ψ
(
pθ∗

z∗
s∗

)λ∗ +

1− v∗∗

Ψ
(
pθ∗

z∗
s∗

)
 (1− δz)βγλ∗


= p̃∗ −

θ

θ − 1
(1− δz)βγλ∗ −

θ

θ − 1

v∗∗

Ψ
(
pθ∗

z∗
s∗

)λ∗ (1− (1− δz)βγ
)

= 0

or

λ∗ =
θ − 1

θ

p̃∗(
v∗∗

Ψ(pθ∗ z∗s∗ )
+

(
1− v∗∗

Ψ(pθ∗ z∗s∗ )

)
(1− δz)βγ

)
Log-linearized equations

inv∗învt = z∗ẑt − s∗ŝt −
1− δz
γ

(z∗ẑt−1 − s∗ŝt−1)

c∗
y∗
ĉt +

i∗
y∗
ît + ĝt +

rk∗k∗
y∗

ût =
s∗
y∗
ŝt
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s∗
y∗
ŝt +

inv∗
y∗

învt = ŷt

First derive the equation for I-S ratios:

v̂∗t+j(i) = θ

(̂̃pt(i) +

j∑
l=1

[ιpπ̂t+l−1 − π̂t+l]

)
+ ẑt+j(i)− ŝt+j + θ̂t+j ln p̃θ∗

= θ

(̂̃pt(i) +

j∑
l=1

[ιpπ̂t+l−1 − π̂t+l]

)
+ ẑt+j(i)− ŝt+j − λ̂p,t+j ln p̃θ−1

∗

λ̂t+j (i) = m̂ct+j + η [ŷt+j (i)− ŷt+j−1 (i)]

Recall I-S equation:

1− F (v∗t+j(i)) =
mct+j − (1− δz)Et+j

(
βγξt+j+1

ξt+j
mct+j+1

)
p̃t(i)

∏j
l=1 π

ιp
t+l−1π

1−ιp
∗∏j

l=1 πt+l
− (1− δz)Et+j

(
βγξt+j+1

ξt+j
mct+j+1

)
which after log-linearization becomes:

f(v∗∗)v
∗
∗

1− F (v∗∗)

(
ŝt+j − ẑt+j(i)− θ

(̂̃pt(i) +

j∑
l=1

[ιpπ̂t+l−1 − π̂t+l]

)
+ λ̂p,t+j ln p̃θ−1

∗

)

=
λ̂t+j − (1− δz)βγEt+j

(
ξ̂t+j+1 − ξ̂t+j + λ̂t+j+1

)
1− (1− δz)βγ

−
p̃∗

(̂̃pt(i) +
∑j

l=1 [ιpπ̂t+l−1 − π̂t+l]
)
− (1− δz)βγmc∗Et+j

(
ξ̂t+j+1 − ξ̂t+j + λ̂t+j+1

)
p̃∗ − (1− δz)βγmc∗
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Aggregate and use aggregate price equation

{̂̃pt(i) +
∞∑
j=1

ξjp

(̂̃pt−j(i) +

j∑
l=1

[ιpπ̂t−l − π̂t−l+1]

)}
(1− ξp)

= λ̂p,t ln p̃∗ −
p̃∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp̃∗Φ′(v∗∗)v
∗
∗

(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)

to obtain

f(v∗∗)v
∗
∗

1− F (v∗∗)

(
−θλ̂p,t ln p̃∗ +

(
θp̃∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp̃∗Φ′(v∗∗)v
∗
∗
− 1

)(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

))

=
m̂ct − (1− δz)βγEt

(
ξ̂t+1 − ξ̂t + λ̂t+1

)
1− (1− δz)βγ

−
p̃∗

(
λ̂p,t ln p̃∗ − p̃∗Φ′(v∗∗)v

∗
∗

(1−θ)Φ(v∗∗)+θp̃∗Φ
′(v∗∗)v

∗
∗

(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

))
p̃∗ − (1− δz)βγmc∗

+
(1− δz)βγmc∗Et

(
ξ̂t+1 − ξ̂t + λ̂t+1

)
p̃∗ − (1− δz)βγmc∗

Let B∗ = p̃∗Φ′(v∗∗)v
∗
∗

(1−θ)Φ(v∗∗)+θp̃∗Φ
′(v∗∗)v

∗
∗
, C∗ = f(v∗∗)v

∗
∗

1−F (v∗∗)
θ− p̃∗

p̃∗−(1−δz)βγmc∗
. Simplify by gathering ẑt− ŝt−

λ̂p,t ln p̃θ−1
∗ term:

(
C∗B∗ −

f(v∗∗)v
∗
∗

1− F (v∗∗)

)(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
= C∗λ̂p,t ln p̃∗

+
m̂ct − (1− δz)βγEt

(
ξ̂t+1 − ξ̂t + λ̂t+1

)
1− (1− δz)βγ

+
(1− δz)βγmc∗Et

(
ξ̂t+1 − ξ̂t + λ̂t+1

)
p̃∗ − (1− δz)βγmc∗
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Turning to the pricing equation:

zt(i)

ωt(i)

[
p̃t(i)−

θt
θt − 1

{
ωt(i)mct + (1− ωt(i))(1− δz)Et

βγξt+1

ξt
mct+1

}]

+Et

∞∑
j=0

ξjp
β
j
γjξt+j
ξt

zt+j(i)

ωt+j(i)[
p̃t(i)

∏j
l=1 π

ιp
t+l−1π

1−ιp
∗∏j

l=1 πt+l
+

θt
θt − 1

{
ωt+j(i)mct+j + (1− ωt+j(i))(1− δz)Et+j

βγξt+j+1

ξt+j
mct+j+1

}]
= 0

where ωt+j(i) =
v∗t+j(i)∫

min(v,v∗t+j(i))dF (v)
.Next log-linearize the pricing equation:

p̃∗̂̃pt(i)− θ

θ − 1
(1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t − (1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]}
− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)

(
θ̂̃pt(i) + ẑt(i)− ŝt − λ̂p,t ln p̃θ−1

∗

)
− θ

θ − 1

{
ω∗mc∗ + (1− ω∗)(1− δz)βγmc∗

} 1

θ
λ̂p,t

+Et

∞∑
j=1

ξjpβ
j
γj

{
p̃∗̂̃pt(i) +

j∑
l=1

[ιpπ̂t+l−1 − π̂t+l]−
θ

θ − 1
(1− δz)βγmc∗

[
ξ̂t+j+1 − ξ̂t+j + λ̂t+j+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t+j − (1− δz)βγmc∗Et

[
ξ̂t+j+1 − ξ̂t+j + λ̂t+j+1

]}
− θ

θ − 1

{
ω∗mc∗ + (1− ω∗)(1− δz)βγmc∗

} 1

θ
λ̂p,t+j

− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)×

×

(
θ

(̂̃pt(i) +

j∑
l=1

[ιpπ̂t+l−1 − π̂t+l]

)
+ ẑt+j(i)− ŝt+j − λ̂p,t+j ln p̃θ−1

∗

)}
= 0

where ω∗ = v∗∗
Ψ(v∗∗)

, ω′∗ = Ψ(v∗∗)−v∗∗Ψ′(v∗∗)
[Ψ(v∗∗)]

2 ,
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minus same at t+ 1 multiplied by ξpβγ gives

̂̃pt(i)(p̃∗ − θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)θ

)
− θ

θ − 1
(1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t − (1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]}
− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)

(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
− θ

θ − 1

{
ω∗mc∗ + (1− ω∗)(1− δz)βγmc∗

} 1

θ
λ̂p,t

−
ξpβγ

1− ξpβγ

(
p̃∗ −

θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)θ

)
Et̂̃pt+1(i)

+Et
ξpβγ

1− ξpβγ

((
p̃∗ −

θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)θ

)̂̃pt(i) + [ιpπ̂t − π̂t+1]

)
= 0

The aggregate price is determined by

1 =

∫ 1

0

p1−θ
t (i) Φ(v∗t (i))di

= (1− ξp)p̃1−θ
t (i) Φ(v∗t (i)) + (1− ξp)

∞∑
j=1

ξjpp̃
1−θ
t−j (i)

(∏j
l=1 π

ιp
t−lπ

1−ιp
∗∏j

l=1 πt−l+1

)1−θ

Φ(v∗t (i))

and after log-linearization it becomes:

0 = (1− θ)
[̂̃pt(i)− λ̂p,t ln p̃∗

]
Φ(v∗∗) + p̃1−θ

∗ Φ′(v∗∗)v
∗
∗

(
θ̂̃pt(i) + ẑt(i)− ŝt − λ̂p,t ln p̃θ−1

∗

)
+ (1− θ)

∞∑
j=1

ξjp

(̂̃pt−j(i) +

j∑
l=1

[ιpπ̂t−l − π̂t−l+1]− λ̂p,t ln p̃∗

)
Φ(v∗∗)

+
∞∑
j=1

ξjp

[
p̃1−θ
∗ Φ′(v∗∗)v

∗
∗

(
θ̂̃pt−j(i) + θ

j∑
l=1

[ιpπ̂t−l − π̂t−l+1] + ẑt(i)− ŝt − λ̂p,t ln p̃θ−1
∗

)]
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or after simplication,

0 = ̂̃pt(i)− λ̂p,t ln p̃∗ +
1

1− ξp
p̃∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp̃∗Φ′(v∗∗)v
∗
∗

(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
+
∞∑
j=1

ξjp

(̂̃pt−j(i) +

j∑
l=1

[ιpπ̂t−l − π̂t−l+1]− λ̂p,t ln p̃∗

)

minus same at t− 1 multiplied by ξp :

̂̃pt(i)− 1

1− ξp
λ̂p,t ln p̃∗ =

ξp
1− ξp

[π̂t − ιpπ̂t−1]

− 1

1− ξp
p̃∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp̃∗Φ′(v∗∗)v
∗
∗

[(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
− ξp

(
ẑt−1 − ŝt−1 − λ̂p,t−1 ln p̃θ−1

∗

)]

Let A∗ = p̃∗− θ
θ−1

ω′∗(v
∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)θ. Plugging this equation back into the pricing

equation yields the NKPC:
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1

1− ξpβγ
ξp

1− ξp

[
π̂t − ιpπ̂t−1 +

1

ξp
λ̂p,t ln p̃θ−1

∗

]
A∗

− 1

1− ξpβγ
1

1− ξp
B∗

[(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
− ξp

(
ẑt−1 − ŝt−1 − λ̂p,t−1 ln p̃θ−1

∗

)]
A∗

− θ

θ − 1
(1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]
− θ

θ − 1
ω∗

{
mc∗λ̂t − (1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]}
− θ

θ − 1

{
ω∗mc∗ + (1− ω∗)(1− δz)βγmc∗

} 1

θ
λ̂p,t

− θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)

(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)

−
ξpβγ

1− ξpβγ
A∗Et


ξp

1−ξp

[
π̂t+1 − ιpπ̂t + 1

ξp
λ̂p,t+1 ln p̃θ−1

∗

]
− 1

1−ξp
B∗

[(
ẑt+1 − ŝt+1 − λ̂p,t+1 ln p̃θ−1

∗

)
− ξp

(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)]


+Et
ξpβγ

1− ξpβγ
[ιpπ̂t − π̂t+1]

= 0
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or after simplification

π̂t − ιpπ̂t−1

= βγ
1− ξp(1− A∗)

A∗
Et [π̂t+1 − ιpπ̂t]

+

(
1− ξpβγ

) (
1− ξp

)
ξpA∗

[
θ

θ − 1
ω∗mc∗λ̂t − (ω∗ − 1)

θ

θ − 1
(1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]]
−B∗

(
ẑt−1 − ŝt−1 − λ̂p,t−1 ln p̃θ−1

∗

)
+

{(
1− ξpβγ

) (
1− ξp

)
ξpθ

p̃∗ − A∗
A∗

+
B∗
ξp

+ ξpβγB∗

}(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
−βγEt

(
B∗ (ẑt+1 − ŝt+1)− (B∗ + 1) λ̂p,t+1 ln p̃θ−1

∗

)
+

[
− 1

ξp
ln p̃θ−1

∗ +
θ

θ − 1

{
ω∗mc∗ + (1− ω∗)(1− δz)βγmc∗

} 1

θ

(
1− ξpβγ

) (
1− ξp

)
ξpA∗

]
λ̂p,t

C. Summary

Modify resource constraint:

inv∗ =

(
1− 1− δz

γ

)
(z∗ − s∗)

c∗ + i∗ + y∗g∗ = s∗

s∗ + inv∗ = y∗

Add steady state equations for z∗
s∗

, mc∗ and p̃∗:

1− F
(
p̃θ∗
z∗
s∗

)
=

(
1− (1− δz)βγ

)
mc∗

p̃∗ − (1− δz)βγmc∗
(2)
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p̃1−θ
∗ Φ

(
p̃θ∗
z∗
s∗

)
= 1 (3)

p̃∗ −
θ

θ − 1

 v∗∗

Ψ
(
pθ∗

z∗
s∗

)λ∗ +

1− v∗∗

Ψ
(
pθ∗

z∗
s∗

)
 (1− δz)βγλ∗


= p̃∗ −

θ

θ − 1
(1− δz)βγλ∗ −

θ

θ − 1

v∗∗

Ψ
(
pθ∗

z∗
s∗

)λ∗ (1− (1− δz)βγ
)

= 0

λ∗ =
θ − 1

θ

p̃∗(
v∗∗

Ψ(pθ∗ z∗s∗ )
+

(
1− v∗∗

Ψ(pθ∗ z∗s∗ )

)
(1− δz)βγ

) (4)

Equations (??)-(??) are solved jointly for z∗
s∗

, λ∗ and p̃∗.

Denote

v∗∗ = p̃θ∗
z∗
s∗

Φ′(v∗) =
θ − 1

θ
(v∗)

−1
θ exp

(
σ2

2θ2

)(
1− F

(
v∗ − σ2/θ

))
Ψ(v∗) =

∫
min (v, v∗t (i)) dF (v)

= exp

(
σ2

2

)
F
(
v∗t (i)− σ2

)
+ v∗t (i) (1− F (v∗t (i)))

Ψ′(v∗) = 1− F (v∗t (i))

ω(v∗) =
v∗

Ψ(v∗)

ω′(v∗) =
Ψ(v∗)− v∗Ψ′(v∗)

[Ψ(v∗)]2
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A∗ = p̃∗ −
θ

θ − 1
ω′∗(v

∗
∗)v
∗
∗mc∗(1− (1− δz)βγ)θ

B∗ =
p̃∗Φ

′(v∗∗)v
∗
∗

(1− θ) Φ(v∗∗) + θp̃∗Φ′(v∗∗)v
∗
∗

C∗ =
f(v∗∗)v

∗
∗

1− F (v∗∗)
θ − p̃∗

p̃∗ − (1− δz)βγmc∗

Add log-linearized resource constraint for învt and ẑt :

inv∗învt = z∗ẑt − s∗ŝt −
1− δz
γ

(z∗ẑt−1 − s∗ŝt−1)

c∗
y∗
ĉt +

i∗
y∗
ît + ĝt +

rk∗k∗
y∗

ût =
s∗
y∗
ŝt

s∗
y∗
ŝt +

inv∗
y∗

învt = ŷt

Log-linearized equations for I-S ratio

λ̂t+j (i) = m̂ct+j + ηŷt+j (i)

(
C∗B∗ −

f(v∗∗)v
∗
∗

1− F (v∗∗)

)(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
= C∗λ̂p,t ln p̃∗

+
λ̂t − (1− δz)βγEt

(
ξ̂t+1 − ξ̂t + λ̂t+1

)
1− (1− δz)βγ

+
(1− δz)βγmc∗Et

(
ξ̂t+1 − ξ̂t + λ̂t+1

)
p̃∗ − (1− δz)βγmc∗
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and NKPC:

π̂t − ιpπ̂t−1

= βγ
1− ξp(1− A∗)

A∗
Et [π̂t+1 − ιpπ̂t]

+

(
1− ξpβγ

) (
1− ξp

)
ξpA∗

[
θ

θ − 1
ω∗mc∗λ̂t − (ω∗ − 1)

θ

θ − 1
(1− δz)βγmc∗Et

[
ξ̂t+1 − ξ̂t + λ̂t+1

]]
−B∗

(
ẑt−1 − ŝt−1 − λ̂p,t−1 ln p̃θ−1

∗

)
+

{(
1− ξpβγ

) (
1− ξp

)
ξpθ

p̃∗ − A∗
A∗

+
B∗
ξp

+ ξpβγB∗

}(
ẑt − ŝt − λ̂p,t ln p̃θ−1

∗

)
−βγEt

(
B∗ (ẑt+1 − ŝt+1)− (B∗ + 1) λ̂p,t+1 ln p̃θ−1

∗

)
+

[
− 1

ξp
ln p̃θ−1

∗ +
θ

θ − 1

{
ω∗mc∗ + (1− ω∗)(1− δz)βγmc∗

} 1

θ

(
1− ξpβγ

) (
1− ξp

)
ξpA∗

]
λ̂p,t
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